


Classical (viscous) turbulence
• In a 3D classical turbulent 

flow, large scale eddies 
break up into smaller eddies, 
these into smaller ones and 
so on...(Richardson Cascade)

• If there is a large inertial 
range between the forcing 
and dissipation scale (i.e. 
high Re) then the flow of 
energy through scales is 
characterized by a constant 
energy flux .

• Dimensional analysis leads 
to a power-law scaling for 
the energy spectrum,

E(k) = C✏2/3k�5/3

@v

@t
+ (v ·r)v = �1

⇢
rp+ ⌫r2v

v = sin(x) ) v
@v

@x
⇠ sin(2x)



Classical Vorticity
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Quantum Fluids
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Kuchemann:

“vortices are the sinews and muscles of fluid motions”



If this is true then Quantum Turbulence 
represents the ‘skeleton’



Yet we still see ‘classical’ behaviour
J. Salort, B. Chabaud, E. Lévêque and P.-E. Roche

as well as results from direct numerical simulations of the

continuous two-fluid model at lower Reynolds number but

fully resolved down to the inter-vortex scale.
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Fig. 1: Wind tunnel (in blue) in the cryostat (in gray)

Local velocity measurements. – Local velocity

measurements have been realized in the wake of a disc in

the wind tunnel sketched in figure 1. The disc diameter ?d

is half the pipe diameter. The probe, located downstream

at x/?d ¥ 21, was operated both above and below the

superfluid transition, down to 1.56 K where fls/fln ¥ 5.8.

The wind tunnel is pressurized by more than 1 m of static

liquid to prevent cavitation which could otherwise have

occurred in He I. The turbulence intensity · , defined as

· =


È(v(t) ≠ ÈvÍ)2Í

ÈvÍ (1)

where v(t) is the local flow velocity and È.Í stands for time

average, is close to 4.8 %. The forcing length scale L0 is

defined from the frequency of the vortex shedding f0 =

ÈvÍ /L0, which is apparent on the velocity spectrum (see

later). The typical Strouhal number, defined as

St =
f0?d

ÈvÍ =
?d

L0
(2)

is close to 0.35 both above and below the superfluid tran-

sition. At T = 2.2 K, where liquid helium is a classical

fluid with kinematic viscosity ‹ = 1.78 ◊ 10
≠8

m
2
/s [18],

the Reynolds number based on L0 and the root-mean-

square velocity is Re = 1.8 ◊ 10
5
. The Taylor-microscale

Reynolds number, R⁄, estimated as,

R⁄ =

Ú
20

3
Re (3)

is found around R⁄ ≥ 1100.

The local anemometer is the probe labeled as ¨ in [15].

It is based on a stagnation pressure measurement (minia-

ture “Pitot tube” probe). It measures the pressure over-

head resulting from the stagnation point at the tip of the

probe, which is pointing upflow. Above the superfluid

transition, the measured pressure pmeas(t) can be written:

pmeas(t) = p(t) +
1

2
flv2

(4)

Following [14], a similar expression can be found for the

measured pressure below the lambda transition using the

continuous two-fluid description of He II

pmeas(t) = p(t) +
1

2
flnv2

n +
1

2
flsv2

s (5)

where vn is the velocity of the normal component and vs

the velocity of the superfluid component. Yet, physically,

the probe is sensitive to the flux of momentum on its tip.

It is therefore convenient [19] to rewrite the measured pres-

sure in terms of the momentum velocity v̨m, based on the

total mass flux and defined as

flv̨m = flnv̨n + flsv̨s (6)

where fl = fln + fls. This leads to

pmeas(t) = p(t) +
1

2
flv2

m +
flnfls

2fl
(vn ≠ vs)

2
(7)

This equation is similar to the one standing in classical

fluid (Eq. 4) plus an additional term. It has been argued

theoretically [3] and shown numerically [20] that, in highly

turbulent flows, the normal and superfluid components are

nearly locked at inertial scales. Therefore, (vn ≠ vs)
2 π

v2
m and since flnfls Æ fl2

, the last term in Eq. 7 can be

neglected
1
.

The calibrations of the probe above and below the su-

perfluid transition are consistent with each other within

10 %. The di�erence comes from experimental uncertain-

ties. In practice, the calibration obtained below T⁄, where

the signal is cleaner, was used to determine the mean val-

ues obtained in normal fluid.

A numerical 4
th

-order Butterworth low-pass filter is ap-

plied to the velocity time series to suppress the probe

1If the turbulence intensity is small, it is possible to get the same
result with the weaker hypothesis: ÈvsÍ = ÈvnÍ, ie. normal and
superfluid components are locked at large scale [19]. The remaining
slip velocity fluctuating term is of order ·2 at most and thus can be
neglected.
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Energy cascade and the four-fifths law in superfluid turbulence

organ-pipe resonance [15]. The filtered velocity time se-

ries are converted into spatial signals using instantaneous

Taylor frozen turbulence hypothesis [21], ie. we relate the

velocity at time t to the velocity at location x by:

v(t) = v(x) where x =

⁄ t

0
v(·)d· (8)

The velocity power spectra and the velocity probability

distribution are computed from the obtained space veloc-

ity series v(x) and are shown in figure 2.

As expected, the power spectra are compatible with a

Kolmogorov k≠5/3
scaling and the velocity distribution is

nearly Gaussian. The spectra above and below the super-

fluid transition are nearly identical. The wave number are

normalized by the forcing scale L0 defined above. The ob-

served cut-o� at high k results from the finite resolution

of the probes and not from a dissipative e�ect.
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Fig. 2: Experimental 1D velocity power spectrum above and

below the superfluid transition. Red line: T = 2.2 K > T⁄ at

R⁄ ¥ 1100. Blue line: T = 1.56 K < T⁄. Inset: Velocity prob-

ability distribution above and below the superfluid transition.

Black line: Gaussian distribution.

The longitudinal velocity increments, here along the

streamwise direction, are defined as,

”v(x; r) = v(x + r) ≠ v(x) (9)

The distribution of ”v(x; r) for a given r, shown in figure

3, is fairly Gaussian at large scale (r = L0) and clearly

skewed on the negative side at smaller scales (r = L0/10).

The skewness S(r) of this distribution is defined as,

S(r) =

+
”v(r)

3,

È”v(r)2Í3/2 (10)

where È.Í stands for the space average. S(r) is shown in

the inset of figure 4.

Above the superfluid transition, S(r) is known to be di-

rectly linked to the energy rate of the Richardson cascade
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Fig. 3: Experimental histogram of the longitudinal velocity in-

crements at large and intermediate scales in a superfluid turbu-

lent flow (T = 1.56 K). Solid black line: Gaussian distribution.

[22]. Its numerical value at the smallest resolved scale is

fairly compatible with the typical classical value of ≠0.23

(a review of experimental values for R⁄ between 208 and

2500 is given in [23]). The negative sign is a direct evi-

dence that the energy cascades from large to small scales.

Below the superfluid transition, the value of the skew-

ness is nearly identical to the one above the superfluid

transition. This is a strong hint that energy cascades in a

similar fashion above and below the superfluid transition.

More quantitatively, in classical turbulence, the third-

order structure function is directly related to the turbulent

energy flux across the scales, ‘, by the so-called 4/5-law:

+
”v(r)

3,
= ≠4

5
‘r (11)

This equation, valid in the inertial range of the turbulent

cascade, is often cited as the only exact result in classical

fully developed turbulence. It is interesting to test its

validity in quantum turbulence.

To compare superfluid experimental data to this classi-

cal prediction, the mean experimental energy rate ‘ has to

be estimated. It is not trivial to get an accurate estimate

for ‘ from experimental data. A common way is to use

the third-order structure function and the 4/5-law, which

gives reasonable estimates for R⁄ & 1000 [24, 25]. Pre-

vious experiments showed that ‘ does not change when

the superfluid transition is crossed [15]. In our exper-

iment, data are available with the same mean velocity

above and below the superfluid transition. We estimate

‘ from the 4/5-law using the He I recording and we use

that estimate for the He II recording as well. We find

‘ = (5.4 ± 0.3) ◊ 10
≠3

m
2
/s

3
.

The third-order velocity structure function compen-

sated by the 4/5-law is plotted in figure 4. We obtain

a “plateau” for nearly half a decade of scales, correspond-

ing to the resolved inertial range of the turbulent cascade.

The level of the “plateau” is comparable above and below

the superfluid transition, within experimental uncertainty

of around 25 %. This is an experimental evidence that the

4/5-law (Eq. 11) remains valid in superfluid turbulence, at

least for the largest inertial scales. Together with the in-

varience of the skewness, this is the first important result
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of this study.
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Fig. 4: Experimental third-order velocity structure function

compensated by 4/5-law (Eq. 11) obtained in superfluid helium

turbulent flow at T = 1.56 K (blue circles) and in classical

liquid helium at T = 2.2 K (red squares). Inset: Skewness of

the distribution of longitudinal velocity increments (same color

code). The smallest abscissa r/L0 = 7 ◊ 10
≠2

corresponds to

the probe cut-o�. The oscillation at large scale corresponds to

the frequency of the vortex shedding.

Direct numerical simulations. – In this section, we

processed velocity fields obtained in a stationary numeri-

cal simulation of He II with periodic boundary conditions.

The numerical procedure is described in [20]. The sim-

ulated velocity fields have a resolution of 512
3

or 1024
3
.

The simulated equations are summarized below,

Dv̨n

Dt
= ≠ 1

fln
Òpn +

fls

fl
F̨ns +

µ

fln
Ò2v̨n + f̨ext

n (12)

Dv̨s

Dt
= ≠ 1

fls
Òps ≠ fln

fl
F̨ns + f̨ext

s (13)

where indices n and s refer to the normal component and

the superfluid one, respectively, f̨ext
n and f̨ext

s are external

forcing terms, µ is the dynamic viscosity. The mutual

coupling term is approximated by its first order expression:

F̨ns = ≠B

2
|Ę̂s| (v̨n ≠ v̨s) (14)

where Ę̂s = Ò ◊ v̨s is the superfluid vorticity and B = 2

is taken as the mutual friction coe�cient [26].

We impose that the simulation cut-o� scale corresponds

to the quantum inter-vortex scale ”, estimated from the

quantum of circulation Ÿ around a single superfluid vortex

and from the average vorticity,

”2
=

ŸÚe
|Ę̂s|2

f (15)

This truncation procedure was validated by the accurate

prediction of the vortex line density in experiments [20].
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Fig. 5: Simulated 3D velocity power spectra. Solid lines are

obtained from the velocity field of the superfluid component v̨s.

Dashed lines are obtained from the velocity field of the normal

component v̨n. The sky blue spectra were obtained at very

low temperature (T = 1.15 K, 1024
3
) ; the chocolate spectra

were obtained at high temperature (T = 2.1565 K, 512
3
). The

smallest resolved scale matches the inter-vortex spacing. L0 is

defined as the forcing scale.

The velocity power spectra for normal and superfluid

components are shown in figure 5 in the very low and

high temperature limits (resp. 1.15 K and 2.1565 K corre-

sponding to fls/fln = 40 and fls/fls = 0.1). To allow closer

comparison with the experiments, the Reynolds number

Re is estimated as,

Re =
L0


Èv2

mÍ
µ/fl

(16)

where vm =
1
fl (flnvn + flsvs) is the momentum velocity

2
,

L0 = fi is the length corresponding to the forcing wave-

number k0 and the kinematic viscosity is µ/fl. The power

spectrum of the momentum velocity is not plotted but

nearly matches the normal component spectrum at high

temperature and the superfluid component spectrum at

very low temperature, as expected.

The 1024
3

very low temperature simulation, where

fls/fln = 40, and the 512
3

high temperature simulation,

where fls/fln = 0.1, have nearly the same Reynolds number

(Re = 1960 and Re = 2280 respectively), much smaller

than the Reynolds number in the experiments (of order

1.8 ◊ 10
5
). Yet, in both cases, the spectra collapse at

large scales close to a Kolmogorov-like k≠5/3
scaling but

di�er at smaller scales, named “meso-scales” [20]. In this

range of meso-scales, larger than the inter-vortex scale but

smaller than inertial scales, the superfluid component is

no longer locked to the normal component. At the low-

est temperatures, its energy distribution approaches a k2

scaling, as evidenced in figure 5, which is compatible with

the equipartition of superfluid energy.

2We used the one-dimensional rms, vrms,1d = vrms,3dÔ
3 to be com-

parable with experiments.
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Coherent structures
• In classical turbulence vorticity

is concentrated in vortical
‘worms’ (She & al, Nature, 1990 ; 
Goto, JFM, 2008)

• Are there vortex bundles in 
quantum turbulence ?

• Would allow a mechanism for 
vortex stretching, i.e. stretch the 
bundle.

D!

Dt
= (! ·r)v + ⌫r2!



Mathematical approach

3 distinct scales/numerical approaches

Gross-Pitaevskii Point Vortex/VFM              Course-Grained
HVBK

Barenghi et al. (2014)



Vortex filament method

Biot-Savart Integral

Model reconnections 
algorithmically ‘cut and 
paste’



Mutual friction

Normal viscous fluid coupled 
to inviscid superfluid via 
mutual friction.

Superfluid component extracts 
energy from normal fluid 
component via Donelly-
Glaberson instability, 
amplification of Kelvin waves.

Kelvin wave grows with 
amplitude: 

Counterflow Turbulence

vext
n (s, t) = (c, 0, 0)

Andronikashvili, 1946



Generation of bundles at finite 
temperatures

Vortex Locking - Morris, Koplik & Rouson, PRL,  2008Gaussian normal fluid vortex – Samuels, PRB,  1993



Reconnections:
Bundles remain 

intact 

Alamri et al. 2008

Numerical 
simulations using 
both GPE and 
vortex filament 
method.



Decomposition of a tangle
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Motivation

Roussel, Schneider & Farge, 2005

6 O. Roussel et al.

3. Comparison for vorticity and velocity

We apply the coherent vortex extraction algorithm to DNS data computed for a statistically
stationary 3D homogeneous isotropic turbulent flow, forced at the largest scale, and whose
turbulence level corresponds to a microscale Reynolds number Rλ = 150 [15]. This dimen-
sionless number is defined as

Rλ = λVrms
ν

where λ = (E/Z )1/2 denotes the Taylor microscale, Vrms the root-mean-square velocity, and
ν the kinematic viscosity.
The initial conditions are random and the boundary conditions are periodic. The flow was

computed using a pseudo-spectral code at resolution 2403 [15], upsampled to 2563. Although
this flow is statistically homogeneous and isotropic, vortex tubes are formed during the flow
evolution (see figure 3).
The coherent vortex extraction algorithm is applied to the vorticity field shown in figure 3

using either Coifman 12 or Harten 3 wavelets. In figures 3 and 4, the modulus of the total,
coherent, and incoherent vorticities resulting from the coherent vortex extraction are displayed
for Coifman 12 and Harten 3 wavelet decompositions. In both cases, the isosurfaces, from
light to dark, correspond to ||ω⃗|| = 3σ , 4σ , and 5σ for the total and coherent vorticities, and
||ω⃗|| = 3

2σ , 2σ , and
5
2σ for the incoherent vorticity. Here σ =

√
2Z denotes the variance of

the vorticity fluctuations, Z being the total enstrophy.
By observing the coherent vorticity (figure 4(a) and (c)), we see that both decomposi-

tions, using either orthogonal or biorthogonal wavelets, retain the coherent vortices present
in the total vorticity (figure 3). We find, however, that the incoherent vorticity is different
for both decompositions: the incoherent vorticity obtained from the orthogonal decompo-
sition (figure 4(b) and (d)) is structureless, whereas some coherent structures remain in the
incoherent vorticity when one uses the biorthogonal decomposition.
The statistics of the resulting fields are given in table 1. We observe that, for both decom-

positions, only 3% wavelet modes retain about 99% of the total energy, while the remaining
97%modes contain less than 1% of the energy. Let us note that the loss of total energy for both
decompositions (see explanation in section 2) remains small: 0.4% for the orthogonal case and

Figure 3. Modulus of the vorticity for the total field. Zoom of the top-left-front sub-cube of size 643. The surfaces,
from light to dark, correspond to ||ω⃗|| = 3σ , 4σ , and 5σ , with σ =

√
2Z .

Coherent vortex extraction in 3D homogeneous turbulence 7

Figure 4. Comparison between orthogonal wavelet (a) and (b) and biorthogonal wavelet decompositions (c) and
(d): Modulus of the vorticity for the retained (a) and (c) and discarded modes (b) and (d). Zoom of the top-left-
front sub-cube of size 643. The surfaces, from light to dark, correspond to ||ω⃗|| = 3σ , 4σ , and 5σ on the left side,
||ω⃗|| = 3

2σ , 2σ , and
5
2σ on the right side.

0.7% for the biorthogonal. We have shown [6] that for the orthogonal wavelet decomposition
the energy lost only affects the dissipative scales, and can thus be neglected.
Concerning the enstrophy,weobserve a significant difference betweenbothmethods: the 3%

largest coefficients retain 75.5% of the total enstrophy with the orthogonal wavelets, whereas
they retain only 69% for the biorthogonal wavelets. Moreover, 3.7% of the total enstrophy
is lost in the biorthogonal decomposition, whereas it is fully conserved in the orthogonal
decomposition.
Figure 5 shows the probability distribution function (PDF) of vorticity in semi-logarithmic

coordinates. For both decompositions, the coherent vorticity shows a similar stretched
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0.7% for the biorthogonal. We have shown [6] that for the orthogonal wavelet decomposition
the energy lost only affects the dissipative scales, and can thus be neglected.
Concerning the enstrophy,weobserve a significant difference betweenbothmethods: the 3%

largest coefficients retain 75.5% of the total enstrophy with the orthogonal wavelets, whereas
they retain only 69% for the biorthogonal wavelets. Moreover, 3.7% of the total enstrophy
is lost in the biorthogonal decomposition, whereas it is fully conserved in the orthogonal
decomposition.
Figure 5 shows the probability distribution function (PDF) of vorticity in semi-logarithmic

coordinates. For both decompositions, the coherent vorticity shows a similar stretched
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Figure 6. Comparison between orthogonal (a) and biorthogonal (b) wavelet decompositions: PDF of velocity.

energy spectrum of the coherent flow is identical to that of the total flow all along the inertial
range, whereas it differs for k ≥ 30, which is in the dissipative range. For the incoherent flow,
we observe that E(k) is close to k2, which corresponds to an equipartition of energy, that is
the velocity is decorrelated in physical space.

4. Comparison for helicity and Lamb vector

Coherent structures encountered in turbulent flows correspond to regions where the nonlin-
earity of Navier–Stokes equations is depleted [2, 6, 16]. For 2D incompressible flows this
leads to a theoretical prediction stating that vorticity and stream function are related by a
monotonous function, called the coherence function. In [6] we used wavelets to extract co-
herent vortices out of a 2D turbulent flow and checked a posteriori that our algorithm was
successful by comparing the coherence function for the total, coherent, and incoherent flows.
Such a simple criterion as the coherence function cannot be used for 3D flows since the stream
function can no longer be uniquely defined in this case. In [2] we proposed to consider the
local Beltramization of the flow to characterize coherent vortices that correspond to regions

Figure 7. Comparison between orthogonal (a) and biorthogonal (b) wavelet decompositions: energy spectrum.



Numerical results
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Experimental detection

Presence of 
coherent structures 
inferred from 
intermittent 
pressure drops

E. Rusaouen et al.

To detect coherent vortex structures, we look for the low
pressure appearing in their core due to centrifugal force.
This pressure depletion can be assessed from the Poisson
equation for pressure p in an incompressible flow [20], de-
rived by taking the divergence of Navier-Stokes equation
(a generalization for compressible flow is proposed in [21]):

∆p =
ρ

2
(ω2 − σ2), (1)

where ρ are the fluid density, ω, and σ are the flow vorticity
and rate of strain defined as

ω2 =
1
2

∑

i,j

(∂ivj − ∂jvi)2, (2)

σ2 =
1
2

∑

i,j

(∂ivj + ∂jvi)2. (3)

By analogy with electrostatics, eq. (1) shows that a
localized region of high vorticity is a (negative) source
term for pressure1. The technique of tracking low-pressure
spikes to detect coherent structures has been widely used
in classical turbulent flows, in particular the von Kármán
geometry (e.g., see refs. [23–28]). In practice, a pres-
sure transducer is imbedded in the sidewall of the cell;
when a vortex filament passes by the probe, the result-
ing negative spike greatly exceeds in magnitude the stan-
dard deviation of the pressure fluctuations generated by
the “background” turbulence. Thus, the vortex filament
can be detected.

Generalization of this equation in a quantum fluid at
finite temperature is straightforward in the framework of
HVBK equations, discussed in [29]. In this approach, the
superfluid tangle is coarse-grained into continuous veloc-
ity v⃗s and vorticity ω⃗s fields. The detail of individual vor-
tices is lost but the resulting equation for the superfluid
can account for fluid motion at scales much larger than
the typical inter-vortex distance. The HVBK equations
are an Euler equation for the superfluid (subscript s) and
a Navier-Stokes equation for normal fluid (subscript n),
both coupled together:

ρs [(∂v⃗s/ ∂t) + (v⃗s · ∇)v⃗s] = −ρs

ρ
∇p+ρsS∇T − F⃗ , (4)

ρn

[
(∂v⃗n/ ∂t) + (v⃗n · ∇)v⃗n

]
= −ρn

ρ
∇p−ρsS∇T

+ F⃗ + µ∇2v⃗n, (5)

where µ is the dynamic viscosity, S is the entropy, and
where the coupling term F⃗ accounts for mutual coupling.

Assuming incompressibility, and taking the divergence
of the sum of eqs. (4) and (5), one gets a generalized Pois-
son equation in the two-fluid model:

∆p =
ρs

2
(ω2

s − σ2
s) +

ρn

2
(ω2

n − σ2
n). (6)

1Contrary to a frequent assumption, ω2 and σ2 do not balance
each other on average in closed flows [22].
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Fig. 1: (Colour online) Schematic of the experiment.

The above equation shows that negative-pressure spikes
in a quantum fluid remain markers of high-vorticity re-
gions. Superfluid and normal fluid vorticities are probed
simultaneouly, and weighted in proportion of the density
of each fluid. Note that the low pressure on individual
quantum vortices has been invoked to explain the trap-
ping of light particles along vortices (see [16,30,31] and
references therein).

Experimental set-up. –
The von Kármán flow. The von Kármán flow used

for this experiment has been extensively described in a
dedicated paper [32]. We only recall below its main spec-
ifications, see fig. 1.

The liquid helium 4He used in this experiment was se-
quentially set to temperatures of 2.4 K, 2.1 K and 1.6 K,
that is both above and below the superfluid transition tem-
perature (Tλ ≃ 2.15 K at 3 bars). These three tempera-
tures correspond respectively to superfluid fractions of 0%,
19% and 80% at the pressures of interest (see table 1).
The pressurization of the flow prevents the occurrence of
cavitation for all flow conditions.

The flow is enclosed in a 780-mm-diameter cylindri-
cal vessel and it is mechanically stirred by two co-axial
bladed disks of radius R = 360 mm, located 702 mm away,
counter-rotating in this work. The 8 blades on each disk
are curved, and the direction of rotation is such that the
convex side of the blades moves into the fluid. This specific
direction is chosen because it results in a stable large-scale
circulation between the disks [32].

Such a stirring gives rise to two counter-rotating sub-
flows separated by a mixing layer, as depicted in, fig. 1.
The (mean) position of this mixing layer is determined by
the relative angular velocities Ωb and Ωt of the bottom
and top disks. For exact counter-rotation (Ωb = Ωt), the
mixing layer is located at mid-height. In this study, we set
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Fig. 2: (Colour online) Pressure time series at 3 temperatures
for roughly similar forcing. The superfluid fraction ranges from
0% to 84%. Time on the x-axis is rescaled by the mean rotation
time 2π/Ω of the disks. The sharp depressions are interpreted
as the signature of vortical coherent structures passing over the
pressure tap.

caused by an external noise source. Occasionally, depres-
sions are recorded by both probes with mean delays con-
sistent with the mean direction of the flow, which confirms
that the measured signal corresponds to localized coherent
structures carried in the fluid.

Assuming a passive transport of the coherent structures
between the two probes, the delay can be interpreted as a
“time of flight” and gives the local flow (azimutal) veloc-
ity V ⋆ using the 8 cm probe separation. It is found in the
m · s−1 range, as given in table 1. With V ⋆ = 1.6 m · s−1

and taking 160 Hz as the effective noise-free probe dynam-
ics, we find a noise-free effective probe resolution of 1 cm
but the wavelet analysis of the raw time series (without
the 160 Hz low-pass filter) allows to track the signature of
the depression nearly up to the ≃ 1 kHz probe resonance
frequency, showing that the coherent structures can be at
least as thin as 1.6 m · s−1/1 kHz ≃ 2 mm, to be compared
with the large scale L of such von Kármán flows [28],

L ≃ R/2 ≃ 200 mm, (9)

and to rough estimates of the Taylor and Kolmogorov dis-
sipative scales λ and η based on the homogeneous isotropic
turbulence equations,

λ ∼ L ·
√

10/Re⋆ ≃ 0.2 mm, (10)

η ∼ L/Re⋆3/4 ≃ 10−3 mm, (11)

where we took Re⋆ = LV ⋆ρ/µ ≃ 1.4 · 107. Surely, the
flow is neither homogeneous nor isotropic, but these equa-
tions can still provide useful orders of magnitude, and
show that the present probe is partly resolving the in-
ertial range of the turbulent cascade, which extends from
∼ L down to ∼ 10η.
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Fig. 3: (Colour online) Probability density function (pdf) of the
pressure fluctuations normalized to unity standard deviation.

We now address the superfluid regime. Figure 2 illus-
trates two typical times series with superfluid fractions of
ρs/ρ = 19% and 83% acquired at Reynolds numbers sim-
ilar to the classical regime (Re = 7.107 ± 16%). As in the
classical case, sharp depressions are found. No qualitative
difference is found between the classical and superfluid
regimes when all the acquired time series are scrutinized.

To the best of our knowledge, this is the first experimen-
tal evidence of coherent structures detected in a turbulent
superfluid. We present below a quantitative analysis of
the strength, density spatial distribution of those coher-
ent structures with respect to their classical counterpart.

Histogram of pressure: density and strength of coher-
ent structures. Figure 3 shows the probability den-
sity functions (pdf) of pressure time series normalized by
the standard deviation of their positive pressure fluctua-
tions. The pdf shape is compatible with the description
given in classical turbulence literature for von Kármán
flows [23,24,26–28]. It can be approximated as Gaus-
sian complemented with a long exponential tail associated
to the rare but intense negative pressures spikes associ-
ated with the coherent structures. Such skewed pressure
pdf have been reported in a number of classical turbu-
lent flows, for instance in homogeneous isotropic turbu-
lence [35,36], along the centerline of pipes [37] and in
jets [38]2. One advantage of the von Kármán geometry
over these other flows is the efficient generation of vortex
filaments in its mixing layer, and the resulting significant
enhancement of the pressure skewness compared to the
background skewness resulting from the quadratic veloc-
ity dependence of pressure [40].

Whatever the superfluid fraction and Reynolds num-
ber, all the pdf corresponding to a given θ are found
to collapse, up to our statistical uncertainty. In other
words, the density and strength of coherent structures are

2In boundary layers more symmetrical pdf can be found, see,
e.g., [37,39].
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structures carried in the fluid.
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between the two probes, the delay can be interpreted as a
“time of flight” and gives the local flow (azimutal) veloc-
ity V ⋆ using the 8 cm probe separation. It is found in the
m · s−1 range, as given in table 1. With V ⋆ = 1.6 m · s−1

and taking 160 Hz as the effective noise-free probe dynam-
ics, we find a noise-free effective probe resolution of 1 cm
but the wavelet analysis of the raw time series (without
the 160 Hz low-pass filter) allows to track the signature of
the depression nearly up to the ≃ 1 kHz probe resonance
frequency, showing that the coherent structures can be at
least as thin as 1.6 m · s−1/1 kHz ≃ 2 mm, to be compared
with the large scale L of such von Kármán flows [28],

L ≃ R/2 ≃ 200 mm, (9)

and to rough estimates of the Taylor and Kolmogorov dis-
sipative scales λ and η based on the homogeneous isotropic
turbulence equations,

λ ∼ L ·
√

10/Re⋆ ≃ 0.2 mm, (10)

η ∼ L/Re⋆3/4 ≃ 10−3 mm, (11)

where we took Re⋆ = LV ⋆ρ/µ ≃ 1.4 · 107. Surely, the
flow is neither homogeneous nor isotropic, but these equa-
tions can still provide useful orders of magnitude, and
show that the present probe is partly resolving the in-
ertial range of the turbulent cascade, which extends from
∼ L down to ∼ 10η.
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We now address the superfluid regime. Figure 2 illus-
trates two typical times series with superfluid fractions of
ρs/ρ = 19% and 83% acquired at Reynolds numbers sim-
ilar to the classical regime (Re = 7.107 ± 16%). As in the
classical case, sharp depressions are found. No qualitative
difference is found between the classical and superfluid
regimes when all the acquired time series are scrutinized.

To the best of our knowledge, this is the first experimen-
tal evidence of coherent structures detected in a turbulent
superfluid. We present below a quantitative analysis of
the strength, density spatial distribution of those coher-
ent structures with respect to their classical counterpart.

Histogram of pressure: density and strength of coher-
ent structures. Figure 3 shows the probability den-
sity functions (pdf) of pressure time series normalized by
the standard deviation of their positive pressure fluctua-
tions. The pdf shape is compatible with the description
given in classical turbulence literature for von Kármán
flows [23,24,26–28]. It can be approximated as Gaus-
sian complemented with a long exponential tail associated
to the rare but intense negative pressures spikes associ-
ated with the coherent structures. Such skewed pressure
pdf have been reported in a number of classical turbu-
lent flows, for instance in homogeneous isotropic turbu-
lence [35,36], along the centerline of pipes [37] and in
jets [38]2. One advantage of the von Kármán geometry
over these other flows is the efficient generation of vortex
filaments in its mixing layer, and the resulting significant
enhancement of the pressure skewness compared to the
background skewness resulting from the quadratic veloc-
ity dependence of pressure [40].

Whatever the superfluid fraction and Reynolds num-
ber, all the pdf corresponding to a given θ are found
to collapse, up to our statistical uncertainty. In other
words, the density and strength of coherent structures are

2In boundary layers more symmetrical pdf can be found, see,
e.g., [37,39].
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equations coupled via a mutual friction term F to the coarse-grained inviscid superfluid component vs modelled by
the Euler equation

@vn

@t
+ (vn ·r)vn =� 1

⇢
rP + µr2vn +

⇢s
⇢
F, r · vn = 0, (1a)

@vs

@t
+ (vs ·r)vs =� 1

⇢
rP � ⇢n

⇢
F, r · vs = 0. (1b)

Here, P the pressure, and µ is the dynamic viscosity of the normal fluid component. The mutual friction term F
provides coupling between the normal and superfluid components and acts principally at the regions of high superfluid
vorticity. The exact expression for F in the HBVK equations can be found in [16], here it is su�cient to comment
that an approximate mutual friction [16] can be defined by

F ' ↵⇢sh|!s|i(vs � vn), (2)

where h|!s|i introduces the notion of a course grained superfluid vorticity.
By taking the divergence of the HVBK equations, and assuming incompressibility of the fluid flow, one can relate

the pressure P to the vorticity through a Poisson equation involving the spin tensors Wi and the strain tensors Ei

for the superfluid i = s and normal components i = n respectively

r2P =
⇢s
2

(Ws : Ws �Es : Es) +
⇢n
2

(Wn : Wn �En : En) ,

where

Wi =
1

2

⇥
rvi �rvT

i

⇤
, Ei =

1

2

⇥
rvi +rvT

i

⇤
.

In the low temperature limit, the Laplacian of the pressure is dominated by the superfluid quantities:

r2P ' ⇢s
2

(Ws : Ws �Es : Es) . (3)

Eq. (3) indicates that at high vorticity regions where Ws is large, such as those inside coherent vortex bundles, the
pressure field, P will become strongly negative as can be determined if one inverts the Laplacian operator. This hints
at the strong connection between pressure and vorticity that can be used in determining the structure of the vorticity
field in experimental situations.

An alternative model the superfluid velocity vs can be determined by the dynamics of one-dimensional vortex
filaments through the vortex filament model [17, 18] which is then coupled to the Navier-Stokes equations (1a) for
the normal fluid component through a redefined mutual friction term. The superfluid velocity field vs in the vortex
filament model is determined by integrating the Biot-Savart law over the vortex filament tangle. The advantage of
this method is that it permits a description of the superfluid velocity at scales far below the inter-vortex spacing
(unlike the HBVK equations) leading to an non-coarse-grained superfluid velocity field. The vortex filament model
replaces Eq. (1b) with an evolution equation for the vortex filaments

ds

dt
= vs + ↵s0 ⇥ (vn � vs)� ↵0s0 ⇥ [s0 ⇥ (vn � vs)] , (4)

where s(⇠, t) is the position of the one-dimensional space curves representing quantized vortex filaments. ↵ and ↵0 are
the non-dimensional temperature dependent friction coe�cients (for the explicit mutual friction term), s0 = ds/d⇠ is
the unit tangent vector at the point s, ⇠ is arc length, and vn is the normal fluid velocity at the point s.

The velocity of the superfluid component vs can be decomposed into a self-induced velocity generated by the vortex
tangle vsi

s , and an external superfluid flow vext
s such that vs = vsi

s + vext
s . Here, the self-induced velocity vsi

s of the
vortex line at the point s, is computed using the Biot-Savart law [19]

vsi
s (s, t) =

�

4⇡

I

L

(r� s)

|r� s|3
⇥ dr, (5)

where � = 9.97 ⇥ 10�4 cm2/s (in 4He) and the line integral extends over the entire vortex configuration L. The
external superfluid flow vext

s is an externally imposed irrotational flow arising through either an excitation mechanism
of the superfluid component or through the conservation of total mass of helium-4 in the presence of a mean normal
fluid flow.
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FIG. 2. (Color online) Evolution of the vortex line density
L (cm−2) vs time t (s) for model 1 (red [gray] line, uniform normal
flow), model 2 (black line, synthetic normal fluid turbulence), and
model 3 (dashed blue [gray] line, frozen Navier-Stokes turbulence).
The inset displays the oscillations of L vs t in more detail. Parameters:
temperature T = 1.9 K, Vn = 1 cm/s (for model 1), Re = 79.44 (for
model 2), and Re = 3025 (for model 3).

and have never been found in disagreement with experimental
observations.

We choose a temperature typical of experiments, T = 1.9 K
(corresponding to α = 0.206 and α′ = 0.00834). In all three
cases, the initial condition consists of a few seeding vortex
loops, which interact and reconnect, quickly generating a
turbulent vortex tangle which appears independent of the initial
condition.

We study the following three different regimes of superfluid
turbulence, characterized by the following forms of the normal
fluid’s velocity field vext

n :
(1) Uniform normal flow. First, to model turbulence

generated by a small heat flux at the blocked end of a channel
(thermal counterflow), we impose a uniform normal fluid
velocity vext

n = Vnx̂ in the x direction (which we interpret
as the direction of the channel) which is proportional to

the applied heat flux; to conserve mass, we add a uni-
form superflow vext

s = −(ρn/ρs)Vnx̂in the opposite direction,
where ρn and ρs are respectively the normal fluid and
superfluid densities. Equations (2) and (4) are solved in
the imposed superflow’s reference frame. This model is
the most used in the literature, from the pioneering work
of Schwarz [19] to the recent calculations of Tsubota and
collaborators [26].

(2) Synthetic turbulence. To model turbulence generated
by pushing helium through pipes or channels [12] using
plungers or bellows or by stirring it with grids [10] or
propellers [11], we start from the observation that, due to
liquid helium’s small viscosity µ, the normal fluid’s Reynolds
number Re = V D/νn is usually large (where V is the rms
velocity and νn = µ/ρn the kinematic viscosity); hence we
expect the normal fluid to be turbulent. We assume vext

s = 0
and [32]

vext
n (s,t) =

M∑

m=1

(Am × km cos φm + Bm × km sin φm), (5)

where φm = km · s + fmt , km are wave vectors and fm =√
k3
mE(km) are angular frequencies. The random parameters

Am, Bm, and km are chosen so that the normal fluid’s energy
spectrum obeys Kolmogorov’s scaling E(km) ∝ k

−5/3
m in the

inertial range k1 < k < kM , where k1 ≈ 2π/D and kM corre-
spond to the outer scale of the turbulence and the dissipation
length scale respectively. Then we define the Reynolds number
via Re = (kM/k1)4/3. The synthetic turbulent flow defined
by Eq. (5) is solenoidal and time dependent, and compares
well with Lagrangian statistics obtained in experiments and
direct numerical simulations of the Navier-Stokes equation.
It is therefore physically realistic and numerically convenient
to model current experiments on grid- or propeller-generated
superfluid turbulence.

(3) Frozen Navier-Stokes turbulence. Synthetic turbu-
lence, being essentially the superposition of random waves,
lacks the intense regions of concentrated vorticity which
are typical of classical turbulence [16]. For this reason we
consider a third model: a turbulent flow vext

n obtained by direct
numerical simulation (DNS) of the classical Navier-Stokes
equation in a periodic box with no mean flow. Since the
simultaneous calculation of superfluid vortices and turbulent

FIG. 3. Snapshot of the vortex tangle for model 1 (uniform normal fluid, left), model 2 (synthetic turbulence, middle), and model 3 (frozen
Navier-Stokes turbulence, right) at time t = 20 s (parameters as in Fig. 2).
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Fig. 2: (Colour online) Pressure time series at 3 temperatures
for roughly similar forcing. The superfluid fraction ranges from
0% to 84%. Time on the x-axis is rescaled by the mean rotation
time 2π/Ω of the disks. The sharp depressions are interpreted
as the signature of vortical coherent structures passing over the
pressure tap.

caused by an external noise source. Occasionally, depres-
sions are recorded by both probes with mean delays con-
sistent with the mean direction of the flow, which confirms
that the measured signal corresponds to localized coherent
structures carried in the fluid.

Assuming a passive transport of the coherent structures
between the two probes, the delay can be interpreted as a
“time of flight” and gives the local flow (azimutal) veloc-
ity V ⋆ using the 8 cm probe separation. It is found in the
m · s−1 range, as given in table 1. With V ⋆ = 1.6 m · s−1

and taking 160 Hz as the effective noise-free probe dynam-
ics, we find a noise-free effective probe resolution of 1 cm
but the wavelet analysis of the raw time series (without
the 160 Hz low-pass filter) allows to track the signature of
the depression nearly up to the ≃ 1 kHz probe resonance
frequency, showing that the coherent structures can be at
least as thin as 1.6 m · s−1/1 kHz ≃ 2 mm, to be compared
with the large scale L of such von Kármán flows [28],

L ≃ R/2 ≃ 200 mm, (9)

and to rough estimates of the Taylor and Kolmogorov dis-
sipative scales λ and η based on the homogeneous isotropic
turbulence equations,

λ ∼ L ·
√

10/Re⋆ ≃ 0.2 mm, (10)

η ∼ L/Re⋆3/4 ≃ 10−3 mm, (11)

where we took Re⋆ = LV ⋆ρ/µ ≃ 1.4 · 107. Surely, the
flow is neither homogeneous nor isotropic, but these equa-
tions can still provide useful orders of magnitude, and
show that the present probe is partly resolving the in-
ertial range of the turbulent cascade, which extends from
∼ L down to ∼ 10η.
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Fig. 3: (Colour online) Probability density function (pdf) of the
pressure fluctuations normalized to unity standard deviation.

We now address the superfluid regime. Figure 2 illus-
trates two typical times series with superfluid fractions of
ρs/ρ = 19% and 83% acquired at Reynolds numbers sim-
ilar to the classical regime (Re = 7.107 ± 16%). As in the
classical case, sharp depressions are found. No qualitative
difference is found between the classical and superfluid
regimes when all the acquired time series are scrutinized.

To the best of our knowledge, this is the first experimen-
tal evidence of coherent structures detected in a turbulent
superfluid. We present below a quantitative analysis of
the strength, density spatial distribution of those coher-
ent structures with respect to their classical counterpart.

Histogram of pressure: density and strength of coher-
ent structures. Figure 3 shows the probability den-
sity functions (pdf) of pressure time series normalized by
the standard deviation of their positive pressure fluctua-
tions. The pdf shape is compatible with the description
given in classical turbulence literature for von Kármán
flows [23,24,26–28]. It can be approximated as Gaus-
sian complemented with a long exponential tail associated
to the rare but intense negative pressures spikes associ-
ated with the coherent structures. Such skewed pressure
pdf have been reported in a number of classical turbu-
lent flows, for instance in homogeneous isotropic turbu-
lence [35,36], along the centerline of pipes [37] and in
jets [38]2. One advantage of the von Kármán geometry
over these other flows is the efficient generation of vortex
filaments in its mixing layer, and the resulting significant
enhancement of the pressure skewness compared to the
background skewness resulting from the quadratic veloc-
ity dependence of pressure [40].

Whatever the superfluid fraction and Reynolds num-
ber, all the pdf corresponding to a given θ are found
to collapse, up to our statistical uncertainty. In other
words, the density and strength of coherent structures are

2In boundary layers more symmetrical pdf can be found, see,
e.g., [37,39].
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A single bundle in isolation
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FIG. 1. Images of the N = 32 vortex filament bundle. The left image include an iso-surface of the coarse-grained vorticity field,
while the image on the right includes an iso-surface of the negative coarse-grained negative pressure field. Both iso-surfaces
encapsulates the vortex bundle.
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FIG. 2. (main) Cross-sectional profile of the superfluid pressure field across the center of the vortex bundle. We observe that
by increasing the number of vortices inside the fixed size bundle, we intensify the negative pressure region. (inset) Observation
of the course grained scaling, Eq. (6), of the minimum pressure with the number of vortices N .

V. STATIC SUPERFLUID TANGLES

The purpose of the single bundles was to verify the coarse-graining numerical procedure and to understand how
pressure changes with the density of vortex filaments. We proceed to examine a more complex vortex configurations
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equations coupled via a mutual friction term F to the coarse-grained inviscid superfluid component vs modelled by
the Euler equation

@vn

@t
+ (vn ·r)vn =� 1

⇢
rP + µr2vn +

⇢s
⇢
F, r · vn = 0, (1a)

@vs

@t
+ (vs ·r)vs =� 1

⇢
rP � ⇢n

⇢
F, r · vs = 0. (1b)

Here, P the pressure, and µ is the dynamic viscosity of the normal fluid component. The mutual friction term F
provides coupling between the normal and superfluid components and acts principally at the regions of high superfluid
vorticity. The exact expression for F in the HBVK equations can be found in [16], here it is su�cient to comment
that an approximate mutual friction [16] can be defined by

F ' ↵⇢sh|!s|i(vs � vn), (2)

where h|!s|i introduces the notion of a course grained superfluid vorticity.
By taking the divergence of the HVBK equations, and assuming incompressibility of the fluid flow, one can relate

the pressure P to the vorticity through a Poisson equation involving the spin tensors Wi and the strain tensors Ei

for the superfluid i = s and normal components i = n respectively

r2P =
⇢s
2

(Ws : Ws �Es : Es) +
⇢n
2

(Wn : Wn �En : En) ,

where

Wi =
1

2

⇥
rvi �rvT

i

⇤
, Ei =

1

2

⇥
rvi +rvT

i

⇤
.

In the low temperature limit, the Laplacian of the pressure is dominated by the superfluid quantities:

r2P ' ⇢s
2

(Ws : Ws �Es : Es) . (3)

Eq. (3) indicates that at high vorticity regions where Ws is large, such as those inside coherent vortex bundles, the
pressure field, P will become strongly negative as can be determined if one inverts the Laplacian operator. This hints
at the strong connection between pressure and vorticity that can be used in determining the structure of the vorticity
field in experimental situations.

An alternative model the superfluid velocity vs can be determined by the dynamics of one-dimensional vortex
filaments through the vortex filament model [17, 18] which is then coupled to the Navier-Stokes equations (1a) for
the normal fluid component through a redefined mutual friction term. The superfluid velocity field vs in the vortex
filament model is determined by integrating the Biot-Savart law over the vortex filament tangle. The advantage of
this method is that it permits a description of the superfluid velocity at scales far below the inter-vortex spacing
(unlike the HBVK equations) leading to an non-coarse-grained superfluid velocity field. The vortex filament model
replaces Eq. (1b) with an evolution equation for the vortex filaments

ds

dt
= vs + ↵s0 ⇥ (vn � vs)� ↵0s0 ⇥ [s0 ⇥ (vn � vs)] , (4)

where s(⇠, t) is the position of the one-dimensional space curves representing quantized vortex filaments. ↵ and ↵0 are
the non-dimensional temperature dependent friction coe�cients (for the explicit mutual friction term), s0 = ds/d⇠ is
the unit tangent vector at the point s, ⇠ is arc length, and vn is the normal fluid velocity at the point s.

The velocity of the superfluid component vs can be decomposed into a self-induced velocity generated by the vortex
tangle vsi

s , and an external superfluid flow vext
s such that vs = vsi

s + vext
s . Here, the self-induced velocity vsi

s of the
vortex line at the point s, is computed using the Biot-Savart law [19]

vsi
s (s, t) =

�

4⇡

I

L

(r� s)

|r� s|3
⇥ dr, (5)

where � = 9.97 ⇥ 10�4 cm2/s (in 4He) and the line integral extends over the entire vortex configuration L. The
external superfluid flow vext

s is an externally imposed irrotational flow arising through either an excitation mechanism
of the superfluid component or through the conservation of total mass of helium-4 in the presence of a mean normal
fluid flow.
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III. SETUP

In this article, we perform numerical simulations using the vortex filament method to study the pressure field
dynamics in the zero-temperature limit, where the turbulence is solely governed by the superfluid flow with the
normal fluid component absent. We use the model of (4) with no external or normal fluid flow vext = vn = 0, but
include a small mutual friction component (↵ = 0.01 and ↵0 = 0.0) that models a superfluid flow at very low but,
non-vanishing temperatures of less than T . 0.1K that corresponds essentially to a pure superfluid. This is done to
ensure that we reduce the e↵ects of artificial numerical dissipation of our numerical scheme.

Our calculations are performed in a periodic cube of size D = 0.1 cm. The numerical technique to which vortex
lines are discretized into a number of points sj for j = 1, · · ·N held at a minimum separation �⇠/2, compute the
time evolution, de-singularize the Biot-Savart integrals, evaluate vs, and algorithmically perform vortex reconnections
when vortex lines come su�ciently close to each other, are described in detail in previous papers [20, 21]. The Biot-
Savart integral is computed using the a tree-algorithm approximation [20] with opening angle set to ✓ = 0.2. We take
�⇠ = 2.5⇥ 10�3 cm and a time step of 5⇥ 10�5 s.

IV. A VORTEX BUNDLE

To study the e↵ect of coarse-graining, we examine first the simple case of a vertically orientated vortex bundle inside
a periodic domain. We preformed our analysis across a fixed sized bundle of radius 0.2D = 0.02 cm consisting of
several randomly placed vortex filaments numbering N = 8, 16, 32, 64. The distribution of filaments inside the bundle
is Gaussian. Fig. 1 displays the vortex bundle consisting of N = 32 vortex filaments. The image on the left highlights
the vorticity magnitude iso-surface after our coarse-graining procedure. The image on the right include a negative
pressure iso-surface of the coarse-grained field. Observe that the vortex bundle is encapsulated by the iso-surfaces
indicating that the coarse-graining procedure is working. Our coarse-graining procedure is as follows: By application
of the vortex filament model (4), we generate the superfluid velocity field vs on a uniform three-dimensional spatial
mesh which we then coarse-grain by applying a Gaussian low-pass filter F̂ (k), defined by

F̂ (|k|) = exp

 
� |k|2

2k2f

!
,

to the Fourier amplitudes of the superfluid velocity field. The parameter kf = 2⇡/lf represents the Fourier harmonic
of the spatial filtering scale lf of the filter. One can imagine that this filtering process represents the spatial resolution
of an experimental probe limited to scales � lf . Due to the irrotational nature of the flow, the superfluid vorticity
field of the unfiltered velocity field is singular, hence this filtering process also acts as a natural regularization of the
numerical data arising from the vortex filament model. We compute the coarse-grained pressure field using Eq. (3)
with the filtered velocity field, with a negative pressure iso-surface for theN = 32 vortex bundle shown in Fig. 1 (right).

For Fig. 1, we have chosen the filtering scale lf to correspond to twice the mean inter-vortex spacing ` = (V/L)1/2

(where specifically for the bundle we have taken V to be the bundle volume, and not the volume of the periodic box
V = D3). For the N = 32 bundle, ` = 6.267⇥ 10�3 cm. Justification for setting lf = 2` is shown later in this article,
but relating the filter scale with the inter-vortex spacing scale is a natural choice as it will smooth the flow across
neighbouring vortices leading to a well-defined coarse-grained flow fields compatible with the HVBK equations. This
is highlighted by the iso-surfaces of Fig. 1.

In Fig. 2 (left) we plot the cross-sectional profile of the coarse-grained pressure field through the center of the
vortex bundle for N = 8, 16, 32, 64. We observe a natural decrease in the peak negative pressure as the number of
bundles increases. Fig. 2 (right) demonstrates that the peak negative pressure grows as ⇠ N2 in a fixed-sized bundle.
The origin of this scaling can be determined by considering that näıvely the coarse-grained superfluid velocity field
generated by a bundle of N vertical vortex filaments can be approximated by, in cylindrical coordinates,

vs = (vr, v✓, vz) =

✓
0,

N�

2⇡r
, 0

◆
.

Direct substitution into Eq. (1b) with F = 0 and assuming stationary flow, one can solve for the pressure P giving

P = P0 �
⇢sN2�2

8⇡2r2
, (6)

suggesting the scaling

min
V

P (N) ⇠ �N2.

4

III. SETUP

In this article, we perform numerical simulations using the vortex filament method to study the pressure field
dynamics in the zero-temperature limit, where the turbulence is solely governed by the superfluid flow with the
normal fluid component absent. We use the model of (4) with no external or normal fluid flow vext = vn = 0, but
include a small mutual friction component (↵ = 0.01 and ↵0 = 0.0) that models a superfluid flow at very low but,
non-vanishing temperatures of less than T . 0.1K that corresponds essentially to a pure superfluid. This is done to
ensure that we reduce the e↵ects of artificial numerical dissipation of our numerical scheme.

Our calculations are performed in a periodic cube of size D = 0.1 cm. The numerical technique to which vortex
lines are discretized into a number of points sj for j = 1, · · ·N held at a minimum separation �⇠/2, compute the
time evolution, de-singularize the Biot-Savart integrals, evaluate vs, and algorithmically perform vortex reconnections
when vortex lines come su�ciently close to each other, are described in detail in previous papers [20, 21]. The Biot-
Savart integral is computed using the a tree-algorithm approximation [20] with opening angle set to ✓ = 0.2. We take
�⇠ = 2.5⇥ 10�3 cm and a time step of 5⇥ 10�5 s.

IV. A VORTEX BUNDLE

To study the e↵ect of coarse-graining, we examine first the simple case of a vertically orientated vortex bundle inside
a periodic domain. We preformed our analysis across a fixed sized bundle of radius 0.2D = 0.02 cm consisting of
several randomly placed vortex filaments numbering N = 8, 16, 32, 64. The distribution of filaments inside the bundle
is Gaussian. Fig. 1 displays the vortex bundle consisting of N = 32 vortex filaments. The image on the left highlights
the vorticity magnitude iso-surface after our coarse-graining procedure. The image on the right include a negative
pressure iso-surface of the coarse-grained field. Observe that the vortex bundle is encapsulated by the iso-surfaces
indicating that the coarse-graining procedure is working. Our coarse-graining procedure is as follows: By application
of the vortex filament model (4), we generate the superfluid velocity field vs on a uniform three-dimensional spatial
mesh which we then coarse-grain by applying a Gaussian low-pass filter F̂ (k), defined by

F̂ (|k|) = exp

 
� |k|2

2k2f

!
,

to the Fourier amplitudes of the superfluid velocity field. The parameter kf = 2⇡/lf represents the Fourier harmonic
of the spatial filtering scale lf of the filter. One can imagine that this filtering process represents the spatial resolution
of an experimental probe limited to scales � lf . Due to the irrotational nature of the flow, the superfluid vorticity
field of the unfiltered velocity field is singular, hence this filtering process also acts as a natural regularization of the
numerical data arising from the vortex filament model. We compute the coarse-grained pressure field using Eq. (3)
with the filtered velocity field, with a negative pressure iso-surface for theN = 32 vortex bundle shown in Fig. 1 (right).

For Fig. 1, we have chosen the filtering scale lf to correspond to twice the mean inter-vortex spacing ` = (V/L)1/2

(where specifically for the bundle we have taken V to be the bundle volume, and not the volume of the periodic box
V = D3). For the N = 32 bundle, ` = 6.267⇥ 10�3 cm. Justification for setting lf = 2` is shown later in this article,
but relating the filter scale with the inter-vortex spacing scale is a natural choice as it will smooth the flow across
neighbouring vortices leading to a well-defined coarse-grained flow fields compatible with the HVBK equations. This
is highlighted by the iso-surfaces of Fig. 1.

In Fig. 2 (left) we plot the cross-sectional profile of the coarse-grained pressure field through the center of the
vortex bundle for N = 8, 16, 32, 64. We observe a natural decrease in the peak negative pressure as the number of
bundles increases. Fig. 2 (right) demonstrates that the peak negative pressure grows as ⇠ N2 in a fixed-sized bundle.
The origin of this scaling can be determined by considering that näıvely the coarse-grained superfluid velocity field
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FIG. 1. Images of the N = 32 vortex filament bundle. The left image include an iso-surface of the coarse-grained vorticity field,
while the image on the right includes an iso-surface of the negative coarse-grained negative pressure field. Both iso-surfaces
encapsulates the vortex bundle.
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FIG. 2. (main) Cross-sectional profile of the superfluid pressure field across the center of the vortex bundle. We observe that
by increasing the number of vortices inside the fixed size bundle, we intensify the negative pressure region. (inset) Observation
of the course grained scaling, Eq. (6), of the minimum pressure with the number of vortices N .

V. STATIC SUPERFLUID TANGLES

The purpose of the single bundles was to verify the coarse-graining numerical procedure and to understand how
pressure changes with the density of vortex filaments. We proceed to examine a more complex vortex configurations
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– that of a static superfluid tangles. We will consider two types of tangles, (i) consisting of randomly positioned and
orientated vortex rings mimicking a random or ultra-quantum tangle, and (ii) a quasi-classical (K41) tangle generated
by running the vortex filament model coupled to a static normal fluid turbulent velocity field produced by the 3D
Navier-Stokes equations with a non-zero mutual friction coupling, see [22] for further details. As shown in Ref. [23],
evolving the superfluid velocity field while keeping the normal fluid component static results in vorticity locking,
with quantized vortex filaments forming parallel to regions of high normal fluid vorticity leading to the superfluid
velocity field mimicking that of the normal fluid vorticity. This produces a quasi-classical Kolmogorov spectrum in
the superfluid velocity field and clear and coherent vortex bundles as can be observed in Fig. 3. The vortex tangle is
coloured by the local polarization highlighting regions of localized bundles that mimic the coherent vortex worms of
classical turbulence. The vortex line density of the tangle in Fig. 3 is approximately L ⇡ 2⇥ 104 cm�2.

FIG. 3. Snapshot of the quantum vortex tangle produced by vorticity locking to a classical Kolmogorov turbulence flow. The
vortex filaments are coloured by the local polarization [24].

We probe the velocity and pressure fields of the static tangles using our coarse-grained procedure. We will justify
our use of the filtering scale being twice the inter-vortex spacing lf = 2`. In Fig. 4 we plot kernel density estimates
of the PDFs of the the standardized vorticity magnitude !/avort (where |!| = !) and standardized pressure P/�press

(the mean of the pressure is zero by periodicity of the domain). Parameter avort arises by assuming that for a three-
dimensional random field with Gaussian statistics, the vorticity magnitude will have a Maxwell distribution with
parameter a.

PMaxwellian(x) =

r
2

⇡

x2 exp
⇣
� x2

2a2

⌘

a3
, a =

r
E[X2]

3
. (7)

For truly random fields the pressure field will become Gaussian

PGaussian(x) =
1p
2⇡�2

exp

✓
� x2

2�2

◆
, (8)

where � is the standard deviation.
Fig. 4 displays the PDFs of the standardized vorticity magnitude (left) and standardized pressure (right) of the

random (top) and quasi-classical (bottom) tangles using di↵erent values of the filtering scale lf = `, 2`, 4`, 6`. For
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FIG. 4. (Left) The distribution of the standardized vorticity across the periodic domain with di↵erent coarse-graining parameters
lf for the (top) random ultra-quantum tangle and (bottom) quasi-classical tangle. The black dashed curve indicates a purely
Maxwellian distribution. (Right) The distribution of the standardized pressure across the periodic domain with di↵erent coarse-
graining parameters lf for the (top) random ultra-quantum tangle and (bottom) quasi-classical tangle. The black dashed curve
indicates a purely Gaussian distribution.

the standardized vorticity magnitude, we observe some clear indications of intermittency when lf = ` which is
subsequently removed for larger coarse-graining. The vortex filament model generate singular vorticity distributions
due to the one-dimensional approximation for quantum vortex lines, meaning that high vorticity values can appear in
spatial mesh points are located near vortex filaments. However, su�cient coarse-graining will circumvent this issue,
and clearly shows when lf > `. This also makes sense to have a coarse-graining scale slightly larger than the average
distance between two vortex filaments in order to capture some large-scale e↵ects. Otherwise, as expected, we see
almost Gaussian statistics for the coarse-grained random tangle with some slight deviations in the tails. For the
quasi-classical tangle on the other hand shows strong signs of intermittency for all coarse-graining scales. There are
clear heavy tails for high vorticity levels and a significant bump at large negative pressures. This is to be expected
due to the presence of coherent structures and the correlation between vorticity and pressure.

The authors of Ref. [1] conjectured that coherent vortex bundles arise as extreme negative pressure fluctuations
exceeding �3�press. In Fig. 4 corresponds to the pressure of strong intermittent tails. What is most interesting in that
when the coarse-graining scale reaches increases we begin to reduce the intermittent e↵ects and move towards a pure
Maxwellian and Gaussian signal. This is because the coarse-graining scale is reaching the length scale associated to
the largest vortex bundle size. For the random tangle, there is no bundle size other than `, so the PDFs reduce quickly,
while for the quasi-classical tangle, Fig. 3 indicates that the typical vortex bundle size approximately ⇠ 6` or larger.
This is an important observation when analyzing experimental data, and suggests that the data presented in Ref. [1]
indicates that the embedded coherent structures in the flow are larger than the probe scale. If we chose the filtering
scale to be significantly larger than the average bundle size, then all coherence of the flow would be removed due to
averaging. Therefore, to be consistent, we select the coarse-graining scale to be that of twice the mean inter-vortex
spacing lf = 2`.

To highlight that this scale is useful, Fig. 5 displays iso-surfaces of coarse-grained vorticity magnitude and negative
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III. SETUP

In this article, we perform numerical simulations using the vortex filament method to study the pressure field
dynamics in the zero-temperature limit, where the turbulence is solely governed by the superfluid flow with the
normal fluid component absent. We use the model of (4) with no external or normal fluid flow vext = vn = 0, but
include a small mutual friction component (↵ = 0.01 and ↵0 = 0.0) that models a superfluid flow at very low but,
non-vanishing temperatures of less than T . 0.1K that corresponds essentially to a pure superfluid. This is done to
ensure that we reduce the e↵ects of artificial numerical dissipation of our numerical scheme.

Our calculations are performed in a periodic cube of size D = 0.1 cm. The numerical technique to which vortex
lines are discretized into a number of points sj for j = 1, · · ·N held at a minimum separation �⇠/2, compute the
time evolution, de-singularize the Biot-Savart integrals, evaluate vs, and algorithmically perform vortex reconnections
when vortex lines come su�ciently close to each other, are described in detail in previous papers [20, 21]. The Biot-
Savart integral is computed using the a tree-algorithm approximation [20] with opening angle set to ✓ = 0.2. We take
�⇠ = 2.5⇥ 10�3 cm and a time step of 5⇥ 10�5 s.

IV. A VORTEX BUNDLE

To study the e↵ect of coarse-graining, we examine first the simple case of a vertically orientated vortex bundle inside
a periodic domain. We preformed our analysis across a fixed sized bundle of radius 0.2D = 0.02 cm consisting of
several randomly placed vortex filaments numbering N = 8, 16, 32, 64. The distribution of filaments inside the bundle
is Gaussian. Fig. 1 displays the vortex bundle consisting of N = 32 vortex filaments. The image on the left highlights
the vorticity magnitude iso-surface after our coarse-graining procedure. The image on the right include a negative
pressure iso-surface of the coarse-grained field. Observe that the vortex bundle is encapsulated by the iso-surfaces
indicating that the coarse-graining procedure is working. Our coarse-graining procedure is as follows: By application
of the vortex filament model (4), we generate the superfluid velocity field vs on a uniform three-dimensional spatial
mesh which we then coarse-grain by applying a Gaussian low-pass filter F̂ (k), defined by

F̂ (|k|) = exp

 
� |k|2

2k2f

!
,

to the Fourier amplitudes of the superfluid velocity field. The parameter kf = 2⇡/lf represents the Fourier harmonic
of the spatial filtering scale lf of the filter. One can imagine that this filtering process represents the spatial resolution
of an experimental probe limited to scales � lf . Due to the irrotational nature of the flow, the superfluid vorticity
field of the unfiltered velocity field is singular, hence this filtering process also acts as a natural regularization of the
numerical data arising from the vortex filament model. We compute the coarse-grained pressure field using Eq. (3)
with the filtered velocity field, with a negative pressure iso-surface for theN = 32 vortex bundle shown in Fig. 1 (right).

For Fig. 1, we have chosen the filtering scale lf to correspond to twice the mean inter-vortex spacing ` = (V/L)1/2

(where specifically for the bundle we have taken V to be the bundle volume, and not the volume of the periodic box
V = D3). For the N = 32 bundle, ` = 6.267⇥ 10�3 cm. Justification for setting lf = 2` is shown later in this article,
but relating the filter scale with the inter-vortex spacing scale is a natural choice as it will smooth the flow across
neighbouring vortices leading to a well-defined coarse-grained flow fields compatible with the HVBK equations. This
is highlighted by the iso-surfaces of Fig. 1.

In Fig. 2 (left) we plot the cross-sectional profile of the coarse-grained pressure field through the center of the
vortex bundle for N = 8, 16, 32, 64. We observe a natural decrease in the peak negative pressure as the number of
bundles increases. Fig. 2 (right) demonstrates that the peak negative pressure grows as ⇠ N2 in a fixed-sized bundle.
The origin of this scaling can be determined by considering that näıvely the coarse-grained superfluid velocity field
generated by a bundle of N vertical vortex filaments can be approximated by, in cylindrical coordinates,

vs = (vr, v✓, vz) =

✓
0,

N�

2⇡r
, 0

◆
.

Direct substitution into Eq. (1b) with F = 0 and assuming stationary flow, one can solve for the pressure P giving

P = P0 �
⇢sN2�2

8⇡2r2
, (6)

suggesting the scaling

min
V

P (N) ⇠ �N2.
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pressure fields of the quasi-Kolmogorov tangle. Intense coarse-grained vorticity regions correspond to regions of strong
locally polarized vortex bundles (see Fig. 3) which are then in turn strongly correlated to regions of negative pressure
Fig. 5 (right).

FIG. 5. Iso-surfaces of the coarse-grained standardized vorticity magnitude (left) and negative pressure (right) fields. The
iso-surfaces are taken at !/avort > 2.5 and P/�press < �1.5 respectively.

To further examine the relationship between the vorticity and pressure, numerical simulations allow for simultaneous
measurements of the dynamic fields across the whole domain. In Fig. 6 we present a scatter-plot of the standardized
vorticity magnitude versus the standardized pressure of the quasi-classical tangle. A clear trend between regions of
strong absolute vorticity and extreme negative pressure is visible. The most extreme of which are located in regions
of P/�press . �3 and !/avort & 3.5.
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FIG. 6. Scatter-plot of the standardized coarse-grained vorticity magnitude and pressure fields. The standardizing parameters
are avort = 5.89⇥ 104 and �press = 4.83⇥ 105.

6

– that of a static superfluid tangles. We will consider two types of tangles, (i) consisting of randomly positioned and
orientated vortex rings mimicking a random or ultra-quantum tangle, and (ii) a quasi-classical (K41) tangle generated
by running the vortex filament model coupled to a static normal fluid turbulent velocity field produced by the 3D
Navier-Stokes equations with a non-zero mutual friction coupling, see [22] for further details. As shown in Ref. [23],
evolving the superfluid velocity field while keeping the normal fluid component static results in vorticity locking,
with quantized vortex filaments forming parallel to regions of high normal fluid vorticity leading to the superfluid
velocity field mimicking that of the normal fluid vorticity. This produces a quasi-classical Kolmogorov spectrum in
the superfluid velocity field and clear and coherent vortex bundles as can be observed in Fig. 3. The vortex tangle is
coloured by the local polarization highlighting regions of localized bundles that mimic the coherent vortex worms of
classical turbulence. The vortex line density of the tangle in Fig. 3 is approximately L ⇡ 2⇥ 104 cm�2.

FIG. 3. Snapshot of the quantum vortex tangle produced by vorticity locking to a classical Kolmogorov turbulence flow. The
vortex filaments are coloured by the local polarization [24].

We probe the velocity and pressure fields of the static tangles using our coarse-grained procedure. We will justify
our use of the filtering scale being twice the inter-vortex spacing lf = 2`. In Fig. 4 we plot kernel density estimates
of the PDFs of the the standardized vorticity magnitude !/avort (where |!| = !) and standardized pressure P/�press

(the mean of the pressure is zero by periodicity of the domain). Parameter avort arises by assuming that for a three-
dimensional random field with Gaussian statistics, the vorticity magnitude will have a Maxwell distribution with
parameter a.

PMaxwellian(x) =

r
2

⇡

x2 exp
⇣
� x2

2a2

⌘

a3
, a =

r
E[X2]

3
. (7)

For truly random fields the pressure field will become Gaussian

PGaussian(x) =
1p
2⇡�2

exp

✓
� x2

2�2

◆
, (8)

where � is the standard deviation.
Fig. 4 displays the PDFs of the standardized vorticity magnitude (left) and standardized pressure (right) of the

random (top) and quasi-classical (bottom) tangles using di↵erent values of the filtering scale lf = `, 2`, 4`, 6`. For
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FIG. 8. Snapshots of the vortex tangle, coloured by the local polarization, of the Random (Left), Taylor-Green (Middle),
quasi-classical (Right) tangle at times where the vortex line density is L = 1⇥ 104 cm�2. The colour scheme is normalization
by the maximum of the polarization across all three tangles.

tangle produces quite significant high pressure regions. (Bear in mind that we are displaying standardized quantities in
Fig. 9, and that the normalization variables avort and �press are clearly larger for the quasi-classical and Taylor-Green
tangles.)
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FIG. 9. Scatter-plots of the coarse-grained pressure and vorticity magnitude fields for each tangle random (Left), Taylor-Green
(Middle), quasi-classical (Right) at L = 1⇥ 104 cm�2.

In attempt to try and distinguish the types of tangles with the standardized flow statistics, we compute the the
PDFs of the vorticity magnitude, pressure and velocity magnitude. A key observation in Fig. 10 is that the PDFs
show very little intermittency which is probably a consequence of the lack of strong coherent structures in the physical
tangles observed in Fig. 8. With that being said, we observe some slight enhancement of negative pressure in the
quasi-classical tangle, while there is a significant deviation from Gaussian for positive pressure in the Random tangle.
To understand this particular feature of the Random tangle we refer the reader back to the approximate form of
the mutual friction F, Eq. (2), which implies a faster decay of the flow in regions of strong vorticity. Hence, the
appearance of high positive pressure in the Random tangle is associated to the faster decay of strong vorticity regions,
preferentially removing regions of low pressure. This leads to a skew of the pressure field towards positive regions
during its decay. This is confirmed in Fig. 11 where we measure the standardized pressure PDF of the random tangle
throughout the decay and see the manifestation of this e↵ect in a growing ‘bump’ of high pressure. (Note that during
the decay, the PDFs are continuously rescaled, and the high pressure is not appearing but simply not dissipating as
fast as the low pressure regions.) It seems of interest that whilst the original motivation for monitoring the pressure
in superfluid turbulence was to find a signal of the quasi-classical regime through the detection of coherent structures,
it can also be of use in determining the structure of the ultra-quantum regime.

For the structured tangles, we observe during the decay we observe a relaxation towards Gaussian statistics (not
shown). This does not contradict the picture of dissipation acting primarily in regions of strong vorticity and the

Random ‘Vinen’ Tangle

motion of charged vortex rings (∼0.1 m·s−1).
This has proven to be particularly useful
for investigating the stability of a vortex
array when perturbations due to an oscilla-
tory component of rotation are applied (36).
In the zero-temperature limit, it typically
takes ’  500  s after starting rotation for
a vortex array to be stabilized. For free-
decay experiments, the turbulence was first
prepared by either an impulsive spin-down
from angular velocity Ω to rest or a se-
quence of alternating forward and backward
rotational agitations of amplitude ΔΩ and
zero mean. For steady-state forcing, con-
tinuous periodic modulations of the angular
velocity of rotation (around either zero or
nonzero mean value, if necessary) were the
means of forcing turbulence at the chosen
frequency and amplitude.
2. Electrostatic force on ions trapped on
vortex cores. The electrostatic force applied
to ions trapped on vortex cores allows force
to be directly exerted on segments of vortex
lines and hence to pump energy both into

small-scale perturbations of individual vorti-
ces and large-scale body force to the whole
tangle. For instance, reconnections within a
dense cloud of charged vortex rings injected
during a short pulse produced a vortex tangle
that is to a good approximation nearly ran-
dom, provided the total impulse (and hence
quasiclassical energy of large-scale flow)
transferred to the tangle is relatively small.
This allowed the dynamics of ultraquantum
turbulence to be investigated, in which only
the quantum part of the energy spectrum,
and hence only the quantum cascade, is
present. Because of this constraint on the
relative magnitude of large-scale flow, only
free-decay measurements upon a short ion
injection at low temperatures were suitable
for the studies of ultraquantum turbulence.
Long and especially steady-state current
injection resulted in most of the generated
vorticity being in the form of entangled
vortex lines (and not individual vortex
rings); the electrostatic force exerted on the
trapped ions acted on the whole entrained

superfluid, hence, producing quasiclassical
flow. In addition, the process of entangle-
ment caused by the reconnections between
vortex rings can produce fluctuations in
loop sizes and redistribute energy to both
longer and shorter length scales (45, 46). For
steady-state forcing, running a current of
trapped ions of a chosen density through a
space-filling vortex tangle, subject to the
applied electric field, allowed the forcing
of large-scale flow (and occasionally small-
scale flow in parallel as well, at low tem-
peratures). The nature (for instance, the drift
velocity of ions) of the current flow permitted
the distinction between the drift of the charge
together with the tangle (quasiclassical large-
scale flow) and the charge transport through
small vortex loops that result from vortex
reconnections at low temperatures (quan-
tum cascade), as well as the investigation of
these regimes.
The time evolution during the free decay

of some of the different types of turbulence
that are described in this paper are shown
schematically in Fig. 2 (for the cubic con-
tainer with d = 4.5 cm). First, impulsive spin-
down to rest is shown in Fig. 2, 1A, where
Ωðt < 0Þ=ΔΩ and Ωðt ≥ 0Þ= 0 (in prac-
tice, these involved a rapid deceleration tak-
ing place over a few seconds) (26, 27). In
addition, we have also used oscillatory AC-
rotational agitation [where Ωðt < 0Þ=
ΔΩ sinωt and Ωðt ≥ 0Þ= 0], (where the
label AC is used by analogy with alternating
currents). Second, spin-down to finite Ω=
Ω0 is shown in Fig. 2, 1B [where Ωðt < 0Þ=
Ω0 +ΔΩ and Ωðt ≥ 0Þ=Ω0]. Third, the
turbulence created by a short ion injection
(which is stopped at t = 0) and collisions
between vortex rings create a vortex tangle
that spreads and fills the whole container
(Fig. 2, 2) (20). In each case, the value of L
at a particular time due to the free decay of
the turbulence was measured by observing
the attenuation of a probe pulse of either
charged vortex rings (for T < 0:7 K) or bare
negative ions (for T > 0:7 K).

3. Decay of Turbulence
The late-time behavior of vortex line density
at T = 0.15 K during the free decay of tur-
bulence produced by an impulsive spin-down
to rest and also by entangling a number of
colliding vortex rings is shown in Fig. 3. The
results from these types of experiments have
already been described in detail in earlier
publications (20, 26, 27). In this paper, we
focus on the late-time decay where the
turbulence is nearly homogeneous rather
than the transient behavior during the
early stages of the decay where the tur-
bulence can be strongly inhomogeneous.

Quasiclassical

Ultraquantum

Fig. 3. Comparison of the vortex line density during the free decay of turbulence created by spin-down and colliding
charged vortex rings.

t
t = 0

tt = 0

spin down to rest:

AC rotation:

60 s

Fig. 4. Quasiclassical turbulence created using different methods (impulsive spin-down to rest and a wave train of
AC-rotational agitation with zero mean) and container sizes (d = 4.5 cm and 1.27 cm). ΔΩ = 1.5 rad·s−1 for all
measurements. The solid line shows Eq. 3 with ν = 0.003 κ. (Inset, Lower Left) Sketch of ΩðtÞ for the two methods of
creating turbulence.
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FIG. 8. Snapshots of the vortex tangle, coloured by the local polarization, of the Random (Left), Taylor-Green (Middle),
quasi-classical (Right) tangle at times where the vortex line density is L = 1⇥ 104 cm�2. The colour scheme is normalization
by the maximum of the polarization across all three tangles.

tangle produces quite significant high pressure regions. (Bear in mind that we are displaying standardized quantities in
Fig. 9, and that the normalization variables avort and �press are clearly larger for the quasi-classical and Taylor-Green
tangles.)
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FIG. 9. Scatter-plots of the coarse-grained pressure and vorticity magnitude fields for each tangle random (Left), Taylor-Green
(Middle), quasi-classical (Right) at L = 1⇥ 104 cm�2.

In attempt to try and distinguish the types of tangles with the standardized flow statistics, we compute the the
PDFs of the vorticity magnitude, pressure and velocity magnitude. A key observation in Fig. 10 is that the PDFs
show very little intermittency which is probably a consequence of the lack of strong coherent structures in the physical
tangles observed in Fig. 8. With that being said, we observe some slight enhancement of negative pressure in the
quasi-classical tangle, while there is a significant deviation from Gaussian for positive pressure in the Random tangle.
To understand this particular feature of the Random tangle we refer the reader back to the approximate form of
the mutual friction F, Eq. (2), which implies a faster decay of the flow in regions of strong vorticity. Hence, the
appearance of high positive pressure in the Random tangle is associated to the faster decay of strong vorticity regions,
preferentially removing regions of low pressure. This leads to a skew of the pressure field towards positive regions
during its decay. This is confirmed in Fig. 11 where we measure the standardized pressure PDF of the random tangle
throughout the decay and see the manifestation of this e↵ect in a growing ‘bump’ of high pressure. (Note that during
the decay, the PDFs are continuously rescaled, and the high pressure is not appearing but simply not dissipating as
fast as the low pressure regions.) It seems of interest that whilst the original motivation for monitoring the pressure
in superfluid turbulence was to find a signal of the quasi-classical regime through the detection of coherent structures,
it can also be of use in determining the structure of the ultra-quantum regime.

For the structured tangles, we observe during the decay we observe a relaxation towards Gaussian statistics (not
shown). This does not contradict the picture of dissipation acting primarily in regions of strong vorticity and the
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FIG. 10. PDFs of the standardized vorticity magnitude (left), standardized pressure (centre), and standardized velocity
magnitude (right) fields of the random (blue), Taylor-Green (green), and quasi-classical (red) tangles. The vorticity and
velocity magnitudes PDFs are compared to the Maxwellian distribution, while the pressure PDF is compared to the Gaussian
distribution.
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FIG. 11. Standardized pressure PDFs of the Random tangle during decay indicated by the total line length L. Observe the
enhancement of high pressure region of the PDF during the decay.

overall e↵ect of increasing the skewness of the pressure statistics, as from the initial conditions we observe strong
intermittency in the form of heavy PDF tails in negative pressure regions and high vorticity magnitude due to the
presence of large scale coherent structures of polarized vorticity leading to a negative skew of the pressure PDF at
initial time.

VII. CONCLUSIONS

In this work we have investigated coherent vorticity structures in superfluid turbulence, connecting the dynamics
of individual quantized vortices to the macroscopic HVBK equations. In line with the conclusions of Rusaouen et
al. [1], we show that strong pressure drops in superfluid turbulence can be directly associated with coherent bundles
of macroscopic vorticity, which have long been discussed as crucial for the observed quasi-classical behaviour of
quantum turbulence in many experimental and numerical studies. Indeed across a series of numerical simulations
we demonstrate strong correlation between pressure and vorticity, with intermittent vortex bundles perturbing the
underlying Maxwellian (vorticity) and Gaussian (pressure) distributions. In addition we have shown a new high
pressure bump emerging in decaying simulations of a purely random ultra-quantum tangle, which is associated to
the faster decay of high vorticity regions in the turbulence and could be used in future experimental studies of this

3

equations coupled via a mutual friction term F to the coarse-grained inviscid superfluid component vs modelled by
the Euler equation

@vn

@t
+ (vn ·r)vn =� 1

⇢
rP + µr2vn +

⇢s
⇢
F, r · vn = 0, (1a)

@vs

@t
+ (vs ·r)vs =� 1

⇢
rP � ⇢n

⇢
F, r · vs = 0. (1b)

Here, P the pressure, and µ is the dynamic viscosity of the normal fluid component. The mutual friction term F
provides coupling between the normal and superfluid components and acts principally at the regions of high superfluid
vorticity. The exact expression for F in the HBVK equations can be found in [16], here it is su�cient to comment
that an approximate mutual friction [16] can be defined by

F ' ↵⇢sh|!s|i(vs � vn), (2)

where h|!s|i introduces the notion of a course grained superfluid vorticity.
By taking the divergence of the HVBK equations, and assuming incompressibility of the fluid flow, one can relate

the pressure P to the vorticity through a Poisson equation involving the spin tensors Wi and the strain tensors Ei

for the superfluid i = s and normal components i = n respectively

r2P =
⇢s
2

(Ws : Ws �Es : Es) +
⇢n
2

(Wn : Wn �En : En) ,

where

Wi =
1

2

⇥
rvi �rvT

i

⇤
, Ei =

1

2

⇥
rvi +rvT

i

⇤
.

In the low temperature limit, the Laplacian of the pressure is dominated by the superfluid quantities:

r2P ' ⇢s
2

(Ws : Ws �Es : Es) . (3)

Eq. (3) indicates that at high vorticity regions where Ws is large, such as those inside coherent vortex bundles, the
pressure field, P will become strongly negative as can be determined if one inverts the Laplacian operator. This hints
at the strong connection between pressure and vorticity that can be used in determining the structure of the vorticity
field in experimental situations.

An alternative model the superfluid velocity vs can be determined by the dynamics of one-dimensional vortex
filaments through the vortex filament model [17, 18] which is then coupled to the Navier-Stokes equations (1a) for
the normal fluid component through a redefined mutual friction term. The superfluid velocity field vs in the vortex
filament model is determined by integrating the Biot-Savart law over the vortex filament tangle. The advantage of
this method is that it permits a description of the superfluid velocity at scales far below the inter-vortex spacing
(unlike the HBVK equations) leading to an non-coarse-grained superfluid velocity field. The vortex filament model
replaces Eq. (1b) with an evolution equation for the vortex filaments

ds

dt
= vs + ↵s0 ⇥ (vn � vs)� ↵0s0 ⇥ [s0 ⇥ (vn � vs)] , (4)

where s(⇠, t) is the position of the one-dimensional space curves representing quantized vortex filaments. ↵ and ↵0 are
the non-dimensional temperature dependent friction coe�cients (for the explicit mutual friction term), s0 = ds/d⇠ is
the unit tangent vector at the point s, ⇠ is arc length, and vn is the normal fluid velocity at the point s.

The velocity of the superfluid component vs can be decomposed into a self-induced velocity generated by the vortex
tangle vsi

s , and an external superfluid flow vext
s such that vs = vsi

s + vext
s . Here, the self-induced velocity vsi

s of the
vortex line at the point s, is computed using the Biot-Savart law [19]

vsi
s (s, t) =

�

4⇡

I

L

(r� s)

|r� s|3
⇥ dr, (5)

where � = 9.97 ⇥ 10�4 cm2/s (in 4He) and the line integral extends over the entire vortex configuration L. The
external superfluid flow vext

s is an externally imposed irrotational flow arising through either an excitation mechanism
of the superfluid component or through the conservation of total mass of helium-4 in the presence of a mean normal
fluid flow.
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pressure fields of the quasi-Kolmogorov tangle. Intense coarse-grained vorticity regions correspond to regions of strong
locally polarized vortex bundles (see Fig. 3) which are then in turn strongly correlated to regions of negative pressure
Fig. 5 (right).

FIG. 5. Iso-surfaces of the coarse-grained standardized vorticity magnitude (left) and negative pressure (right) fields. The
iso-surfaces are taken at !/avort > 2.5 and P/�press < �1.5 respectively.

To further examine the relationship between the vorticity and pressure, numerical simulations allow for simultaneous
measurements of the dynamic fields across the whole domain. In Fig. 6 we present a scatter-plot of the standardized
vorticity magnitude versus the standardized pressure of the quasi-classical tangle. A clear trend between regions of
strong absolute vorticity and extreme negative pressure is visible. The most extreme of which are located in regions
of P/�press . �3 and !/avort & 3.5.
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FIG. 6. Scatter-plot of the standardized coarse-grained vorticity magnitude and pressure fields. The standardizing parameters
are avort = 5.89⇥ 104 and �press = 4.83⇥ 105.



Summary

o Coherent vortical structures are present in the quasi-
classical regime of Quantum Turbulence.

o Important (essential?) for K41 like statistical 
properties of QT.

o Good agreement between macroscopic HVBK model 
and mesoscale vortex approach. 

o Interesting high pressure signal found in the Vinen
regime.



The End


