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Dipolar Bose-Einstein condensates (dBECs) exhibit a plethora of physics phenomena, from super-
solidity to the rotonlike minimum in the elementary excitation spectrum. In this work we first demonstrate
the existence of axis-symmetric solitary waves in (quasi-)two-dimensional dBECs: these localized
excitations are characterized by quantized vortex dipoles that continuously transit to vortex-free density
depletions. We then show how the presence of the roton minimum fundamentally alters the fate of such
solutions when approaching Landau’s critical speed: when propagating along the polarization direction
where the roton minimum occurs, the solitary wave transits into roton excitations rather than into phonons
as for standard contact-interaction BECs. This finding suggests that Feynman’s hypothesis, conjectured for
3D superfluid liquid helium regarding the creation of rotons as fading vortex excitations, is valid in the
context of 2D dBECs.
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Introduction—Solitary waves stand out as a primary
feature in nonlinear physics, finding application across
diverse fields including fluid dynamics, optics, and plasma
physics, while offering profound insights into the funda-
mental behavior of complex systems. These self-sustaining
wave patterns defy the typical dispersion expected in
wave motion, maintaining their shape and velocity as they
propagate through a medium. Their resilience against
dispersion stems from a delicate balance between nonlinear
and dispersive effects, making them stable entities within
nonlinear systems.
Solitary waves characterized by the presence of vorticity

have particular significance within the field of quantum
fluids, first discovered in the context of superfluid liquid
helium [1]. Because of the topological nature of quantized
vorticity, such structures play a fundamental role in the
study of vortex dynamics and quantum turbulence [2].
Notable examples are the vortex ring cascade hypothesis in
3D superfluids [3,4] and the Berezinskii-Kosterlitz-
Thouless transition in two spatial dimensions [5]. More-
over, the study of such solitary waves has significantly
contributed to the understanding of the nature of the
superfluid. Specifically, the nucleation of solitary waves

with quantized vorticity is believed, alongside nucleation of
rotons, to be one of the possible mechanisms for breaking
superfluidity in liquid helium, particularly in the low-
pressure regime [6,7].
The relationship between roton excitations and solitary

waves has long been a subject of fascination. Particularly,
Feynman postulated the origin of drag in a superfluid as
the generation of roton excitations from a vanishing vortex
ring [3], sparking numerous studies aimed at determining
whether the energy and momentum of vortex rings were
comparable to roton excitations. However, this hypothesis
was disproved in the seminal work of Jones and Roberts
[8]: with a weakly interacting model aimed to capture the
key features of superfluid liquid helium, they conducted an
investigation into the existence of a family of axisymmetric
solitary waves. Thesewaves exhibit quantized vorticity at low
speeds, taking the form of vortex rings in three dimensions
and vortex dipoles in two dimensions. As their speed
increases, they transition into vortex-free density dips, reach-
ing speeds comparable to speed of phonons, the fastest exci-
tations in the system before superfluidity breaks down [9].
Over the years, numerous experimental advancements

have facilitated the generation of various systems exhibit-
ing superfluid behavior, ranging from single and multi-
component Bose-Einstein condensates (BECs) to spinor
and Fermi gases. One of the most notable achievements
was the development of BECs characterized by long-range
dipole-dipole interactions, known as dipolar BECs (dBECs)
[10,11]. When one or more spatial dimensions are strongly
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confined, these condensates have elementary excitations
which display a dispersion relation that, akin to superfluid
liquid helium [12], features a roton minimum [13–16]. Such
elementary excitations have recently been experimentally
measured in dBECs [17,18] and enabled the generation of a
new supersolid state of matter [19–21]. Unlike liquid helium,
cold gases allow for the direct visualization of small-scale
vortex structures, as demonstrated recently [22–24]. More-
over, they can be accurately described by mean field models
based on the Gross-Pitaevskii equation. These properties
make such systems particularly compelling for exploring the
interplay between vortical structures and rotons.
In this Letter, we investigate the existence of the two-

dimensional Jones-Roberts (JR) solitary wave family in a
dBEC, from solutions characterized by topological defects
to vortex-free density depletions, also known as Jones-
Roberts solitons [22]. The explicit connection between
solitary waves and roton excitations is also demonstrated
for the first time, providing support for Feynman’s hypoth-
esis regarding the creation of rotons as fading vortex
excitations.
Theoretical model—In the limit where the condensate is

strongly confined along the z direction with a characteristic
confining length scale lz, an excellent (quasi-)two-
dimensional model with no confinement in the x-y plane
is given by the following Gross-Pitaevskii equation:

iℏ
∂ψ

∂t
¼ −

ℏ2

2m
∇2ψ þ gcjψ j2ψ þ gdΦψ : ð1Þ

Here, ψðx; y; tÞ is the two-dimensional order parameter,
∇2 ¼ ∂xx þ ∂yy, gc ¼ 2

ffiffiffiffiffiffi
2π

p
ℏ2as=ðmlzÞ is the contact

(local) interaction coefficient, m and as are the mass and
the s-wave scattering length of the boson, respectively, and
gd ¼ jdj2= ffiffiffiffiffiffi

2π
p

lz is the dipole-dipole (nonlocal) interaction
coefficient where d is the dipole moment. The nonlocal
dipolar interaction operator is defined as

Φ ¼ 4π

3
F−1

xy ½F xyðjψ j2ÞFðqÞ� ð2Þ

where F xyð·Þ is the spatial two-dimensional direct Fourier

transform operator [25] and q ¼ klz=
ffiffiffi
2

p
is the wave vector

on the x-y plane. Without any loss of generality, we
consider the dipole moment whose projection onto the
x-y plane is aligned with the positive x axis and define α as
the angle between d and the positive z axis; see Fig. 1(a).
With this choice the function Fð·Þ, which represents the
Fourier transform of the two-dimensional dipole-dipole
interaction [16,26], results in

FðqÞ ¼ cos2αF⊥ðqÞ þ sin2αFkðq; qxÞ; ð3Þ

where q ¼ jqj, qx being the x component of q, and

F⊥ðqÞ ¼ 2 − 3
ffiffiffi
π

p
qeq

2

erfcðqÞ;

Fkðq; qxÞ ¼ −1þ 3
ffiffiffi
π

p q2x
q
eq

2

erfcðqÞ:

By assuming the homogeneous solution in the form

ψðtÞ ¼ ffiffiffi
n

p
e−i

μt
ℏ ; ð4Þ

where n is the average particle number density per unit of
volume, one finds the chemical potential

μ¼ gcn

�
1þ ð3cos2α− 1Þ4π

3
β

�
; with β ¼ gd

gc
½27�; ð5Þ

and its infinitesimal wavelike perturbations of wavelength
k ¼ ðkx; kyÞ, and angular frequency ωBog to satisfy the
Bogoliubov dispersion relation [16],

ωBogðkÞ ¼ � jkj
ffiffiffiffi
m

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ2jkj2
4m

þ gcn

�
1þ β

4π

3
F

�
lzkffiffiffi
2

p
��s

: ð6Þ

Finally, by introducing the healing length, ξ ¼ ℏ=
ffiffiffiffiffiffiffiffiffi
2mμ

p
,

one finds the phonon speed (long wave perturbation) as
cph ¼

ffiffiffiffiffiffiffiffiffi
μ=m

p
. One notices that, when α ≠ 0, Eq. (3) is

x

y

z

� = π/4d

dxy

FIG. 1. In all plots we take α ¼ π=4 and β ¼ 0.9. (a) Sketch of the orientation of the dipole moment. (b) Bogoliubov dispersion
relation along the kx (red) and ky axis (blue). The phonon limit is shown with a dashed line. (c) Phase speed of the Bogoliubov
excitations along the kx (red) and ky axis (blue). The minimum value of each curve in panel (c) indicates the limiting speed of the
localized solitary wave, which is the minimum speed at which Eq. (7) is broken along the x (red) and y (blue) direction, respectively.
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anisotropic in k, hence the Bogoliubov dispersion.
Figure 1(b) illustrates the two dispersion relation branches
along the kx and ky directions, choosing α ¼ π=4 and
β ¼ 0.9. For such values, used for all the results presented
in this Letter, the dispersion relation along the ky direction
shows a point where the quantity ωðky; 0Þ=ky possesses a
global minimum and corresponds to an analog of the roton
minimum measured in superfluid liquid helium, therefore
called here the rotonlike minimum. Note that this minimum
is present for a large range of ðα; βÞ, and our choice is
achievable in experimental setups [10].
Taking advantage of the anisotropy of the dispersion

relation, in this Letter, we investigate the existence of soli-
tary wave solutions in two-dimensional dBECs and their
dependence on the alignment between their propagation
velocity and the dipole moment, and we revisit Feynman’s
hypothesis, originally formulated in superfluid liquid
helium, on the vortex-roton transition. Jones and Roberts
have demonstrated the existence of axisymmetric solitary
waves within the Gross-Pitaevskii equation characterized
only by contact interactions [8]. Their results were repro-
duced experimentally in [22]. In two dimensions, these
solutions exhibit counterrotating quantized vortices at low
speeds that transition to density pulses free of topological
defects at speeds comparable to the phonon speed. It is
pedagogical to identify first the range of possible speeds at
which a solitary traveling wave can propagate. To do so,
one relies on the so-called band gap analysis introduced
in [28]. The idea behind the band gap analysis is the
following: a localized (fully nonlinear) solitary wave
excitation of the homogeneous solution (4) moving at
velocity v ¼ ðvx; vyÞ can exist only if

v · k ≠ ωBogðkÞ: ð7Þ

This is to prevent the resonant transfer of energy from the
solitary wave to any delocalized Bogoliubov excitation of
wave vector k. By using this criterion, it is straightforward
to identify the range of speed values that the solitary wave
is allowed, as shown in Fig. 1(c). Note that Eq. (7) is
equivalent to Landau’s criterion for the breakdown of
superfluidity, demonstrating that along the x direction
superfluid excitations cannot move faster than the phonon
speed, while along the y direction the limiting speed is
given by the roton speed crot ¼ min ½ωBogð0; kyÞ=ky� [29].
Numerical methods—The solitary wave solution is

computed numerically by recasting the Gross-Pitaevskii
equation (1) in the reference frame moving with velocity v
and seeking for a time-independent solution having the
same chemical potential (5) of the homogeneous solu-
tion (4) see Supplemental Material [30] for more details.
The system is spatially discretized on a regular lattice with
5122 collocation points over a box with size Lx=ξ ¼
Ly=ξ ¼ 80π. Periodic boundary conditions are considered
in order to compute differential operators making use of

Fourier spectral decomposition. The time-independent
solution is found via a Newton-Raphson method, and
the JR branch is followed by slowly varying the solitary
wave speed. We also perform time evolutions of the time-
dependent Gross-Pitaevskii equation (1) to analyze quali-
tatively the stability of the solitary wave; the time operator
is resolved using a standard RK4 method. A thorough
linear stability analysis is performed by looking at the
spectral eigenvalues of the Bogoliubov–de Gennes (linear-
ized) perturbations.
Numerical results—First, we investigate the family of

solitary waves propagating along the direction of the dipole
polarization (x direction), which is choosing vy ¼ 0. Each
point on the blue line in Fig. 2(a) represents the energy-
momentum coordinates of a solitary wave solution. The x
component of the velocity of each solitary wave is
determined by the slope of this curve, as given analytically
by vx ¼ ∂ϵ=∂pxjvy¼0, with ϵ and px being the energy and x
component of the linear momentum densities of the solitary
wave, respectively (see Supplemental Material [30] for the
mathematical derivation). Density profiles enlarged around
the localized solitary wave are shown in the insets. Point (I)
illustrates a vortex dipole (two topological defects in the
argument of the order parameter; the order parameter goes to
zero at the defect points), the transition between a solution
with and without vorticity (no more topological defects; the
order parameter still goes to zero) is indicated by point (II),
and point (III) shows a nonzero density depletion in the order
parameter; Fig. 2(c) shows how the density profile along the
y axis varies during the transition). The vortex core density
profiles in the dipole solution are elongated along the
polarization direction, in agreement with previous results
[31,32]. Here we show that such elongation is still present in
the absence of vorticity, although it is lost in the limit for
speeds approaching the phonon speed; see dashed black line
in Fig. 2(a), with a JR soliton resembling the typical profile
of lump soliton solutions for the so-called Kadomtsev-
Petviashvili equation [33].
We then explore the family of solitary waves moving

perpendicularly to the direction of the dipole polarization (y
direction), which is choosing vx ¼ 0, whose results are
plotted in Fig. 2(b). Here, the y component of the velocity
of each solitary wave is determined by the slope of this
curve, resulting in vy ¼ ∂ϵ=∂pyjvx¼0, where py is the y
component of the linear momentum density of the solitary
wave. Again, density profiles enlarged around the localized
waves are shown in the insets. Similarly to the previous
case, both vortex dipole solutions and JR solitons have
density profiles elongated along the polarization direction;
see point (I) and point (II) in Fig. 2(b), respectively.
Point (II) highlights the transition from the vortex dipole
to the JR soliton; see Fig. 2(d) for the density profile along
the x axis. However, in this case, the JR solitons cannot
approach the phonon speed resembling lump soliton
solutions, as Landau’s criterion for superfluidity breaking
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along the y direction is now determined by the roton speed,
shown by a dashed red line in Fig. 2(b). Upon approaching
the roton speed, a transition from localized JR solitons to
delocalized roton excitations appearing as stripes of char-
acteristic scale λrot ¼ 2π=krot becomes qualitatively visible;
see point (III) in Fig. 2(b). Figure 1 in Supplemental
Material [30] shows the evolution of the density and phase
fields covering a distance around 20 Ly, demonstrating
visually that the solitary wave associated with point (III) in
Fig. 2(b) is stable in time even when white noise is present.
A full Bogoliubov–de Gennes stability analysis, shown in
Supplemental Material [30], has been carried out confirm-
ing the robustness of the solitary wave solutions with
respect to noise.
We now analyze the spectral properties of the solitary

wave branch presented in Fig. 2(b). Figure 3(a) shows the
collection of spatial spectra Sspðkx; kyÞ ¼ jF xyðψSWÞj2
plotted along the ky axis of the solitary waves found in
Fig. 2(b) for speeds,vy=crot ≥ 0.65. It is evident that a peak
around the rotonlike minimum wave number krot emerges
and grows for growing speeds; this is a first indication that the
traveling wave solution approaches the rotonlike Bogoliubov
excitation when its speed tends to the roton speed.
To further support the hypothesis of a continuous

transition between a localized solution and a delocalized
roton excitation, we plot in Fig. 3(b) the comparison of the
density profile along the y axis of the localized traveling
wave solution corresponding to point (III) in Fig. 2(b) with
the profile of a Bogoliubov mode associated with a roton
excitation computed using the Bogoliubov–de Gennes

FIG. 2. The blue line shows the energy-momentum plot of the solitary wave family moving along the x and y direction, given in panels
(a) and (b), respectively. Each point on the curve is a particular solitary wavewhose speed is given by the slope of the tangent to the curve
and its density profile jψ j2, rescaled by the average density n and enlarged around the localized density dip(s), is shown in the respective
inset. The point (II) indicates where the transition between a vortex dipole to a JR soliton takes place, while point (III) shows an example
of a density depletion. The black and red dashed lines represent the phonon and roton speed, respectively. Panel (c) displays the density
profiles along the y axis at x ¼ Lx=2 for the solutions labeled (I), (II), and (III) in panel (a). Similarly, panel (d) shows the density
profiles along the x axis at y ¼ Ly=2 for the corresponding solutions presented in panel (b).

FIG. 3. (a) Spatial spectra Sspðkx ¼ 0; kyÞ of the solitary wave
solutions moving along the y direction plotted for different vy
tending to the roton speed. (b) Profile of solitary wave associated
to point (III) in Fig. 2(b) compared with the space profile or roton
excitation from BdG analysis.
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approach, Eq. (22) in Supplemental Material [30]. As the
figure shows, the oscillatory behavior of the two profiles
tends to overlap across a significant portion of the domain.
Having demonstrated that a dBEC can host the JR

solitary waves that continuously transit from a vortex
dipole to a density depletion and subsequently tend to a
roton excitation, we now aim to investigate the likelihood
of such a transition occurring dynamically, namely seeking
the 2D analog of Feynman’s hypothesis regarding the
transition of a vortex ring into a roton. In Feynman’s
original conjecture, such a transition occurs in turbulent
settings as a result of scattering processes involving other
vortices or thermal excitations.
In the simplest possible way, we consider the dissipative

Gross-Pitaevskii equation [34],

ði − γÞℏ ∂ψ
∂t

¼ −
ℏ2

2m
∇2ψ þ gcjψ j2ψ þ gdΦψ þ μψ ; ð8Þ

where γ is a phenomenological temperature-dependent
dissipation coefficient that models the loss of energy and
momentum due to interactions with the thermal bath.
By numerically solving Eq. (8) using the solitary wave at

point (I) in Fig. 2(b) as the initial condition, we show in
Fig. 4 how values of the linear momentum along the y axis
and energy of the initial condition decay, measuring them at
subsequent time intervals and for two different dissipation
coefficients, γ ¼ 0.8 and γ ¼ 0.01. An animation of the
time evolution of the density and phase fields, for γ ¼ 0.01,
is also provided in Supplemental Material [30]: this clearly
shows that the initial vortex dipole solution dynamically
transits first into a density depletion and then into a rotonic
excitation. Interestingly, throughout this dynamical tran-
sition, the energy and momentum evolve following the
same trend measured for the JR solitary branch of stationary
solutions, especially when γ ¼ 0.01 ≪ 1 (the overlap
between the circles and the blue line in Fig. 4 is striking).

When the dissipation parameter is larger, here γ ¼ 0.8 ∼ 1,
the full correspondence is broken, and the dynamical
transition overestimates the JR solitary branch of stationary
solutions.Understanding the effects of strong dissipationmay
require alternative damping models [35,36], and this goes
beyond the scope of the present work.
Conclusions and outlook—In this Letter we demon-

strated the existence of Jones-Roberts solitary wave sol-
utions in two-dimensional dipolar condensates, showing
that the solution branch is formed by a vortex dipole that
transits into a topologically free density depletion when
exceeding a critical speed. The properties of the Jones-
Robert branch strongly depend on the alignment between
the solitary wave velocity and the dipole polarization
direction. When these are fully aligned, the maximum
soliton speed approaches the phonon velocity, as in
standard (nondipolar) condensates. Conversely, when the
motion is perpendicular to the polarization direction, the
limiting speed is determined by the threshold for rotonlike
excitations. Our stability analyses, conducted both through
direct simulations introducing small-amplitude noise and
within the linearized Bogoliubov–de Gennes framework,
confirm that these solitary waves are robust and should be
experimentally realizable within the parameter range of
state-of-the-art dipolar gas setups [37].
Our results confirm, in dipolar gases, the validity of

Feynman’s conjecture regarding the dynamical creation
of rotons as fading vortex excitations. To this end, we
investigated the behavior of Jones-Roberts solitons moving
perpendicularly to the polarization direction, which is when
their speed is limited by the roton speed. As its velocity
increases, Jones-Roberts solitary waves develop a spectral
peak at the roton wavenumber and become less localized,
gradually transforming into a delocalized rotonlike
Bogoliubov excitation. Following Feynmann’s idea, we
examined the possibility of observing this transition dynami-
cally. By extending the model to include dissipative effects,
we show that a transition from a vortex dipole to delocalized
roton excitations is indeed possible, providing validation for
Feynman’s interpretation of the generation of rotons.
Questions, such as how this transition affects vortex

dynamics and turbulence in dipolar gases, whether a similar
mechanism can be extended to superfluid liquid helium
in three dimensions, the relation between the JR and
Kadomtsev-Petviashvili solitons [33] in the Landau’s
critical speed limit, and if there exist systems where the
Landau’s critical speed is lower than the transition speed
between vortex dipole and density depletion, remain open.

Acknowledgments—We are indebted to one of the
anonymous referees for recommending to explore the
transition from JR solitons to roton excitations dynami-
cally. M. O. was funded by Progetti di Ricerca di
Interesse Nazionale (Grants No. 2020X4T57A and
No. 2022WKRYNL) and by the Simons Foundation

FIG. 4. Energy vs linear momentum along the y-direction plot.
The blue line shows the values of the JR solitary wave branch
plotted in Fig. 2(b). The circles (γ ¼ 0.01) and crosses (γ ¼ 0.8)
show the values of the momentum and energy at successive time
steps of the initial condition at point (I) in Fig. 2(b) evolved in
time according to Eq. (8).

PHYSICAL REVIEW LETTERS 134, 253401 (2025)

253401-5



(Grant No. 652354) D. P. would like to thank the Isaac
Newton Institute for Mathematical Sciences for support and
hospitality during the program Dispersive hydrodynamics:
mathematics, simulation and experiments when the final
part of the work on this paper was undertaken. This work
was supported by EPSRC Grant No. EP/R014604/1 and
EPSRC Grant No. EP/Y021118/1. This research was
supported in part by the ExtreMe Matter Institute EMMI
at the GSI Helmholtzzentrum fuer Schwerionenphysik,
Darmstadt, Germany.

[1] R. J. Donnelly, Quantized Vortices in Helium II (Cambridge
University Press, Cambridge, England, 1991), Vol. 2.

[2] P. M. Walmsley and A. I. Golov, Phys. Rev. Lett. 100,
245301 (2008).

[3] R. Feynman, Progress in Low Temperature Physics (Elsev-
ier, New York, 1955), pp. 17–53, Vol. 1.

[4] S. K. Nemirovskii, Low Temp. Phys. 40, 1116 (2014).
[5] Z. Hadzibabic and J. Dalibard, Riv. Nuovo Cimento Soc.

Ital. Fis. 34, 389 (2011).
[6] G. G. Nancolas, T. Ellis, P. V. E. McClintock, and R. M.

Bowley, Nature (London) 316, 797 (1985).
[7] T. Ellis, P. V. E. McClintock, and W. F. Vinen, Phil. Trans.

R. Soc. A 315, 259 (1985).
[8] C. A. Jones and P. H. Roberts, J. Phys. A 15, 2599 (1982).
[9] L. Pitaevskii and S. Stringari, Bose-Einstein Condensation

and Superfluidity (Oxford University Press, New York,
2016), Vol. 164.

[10] L. Chomaz, I. Ferrier-Barbut, F. Ferlaino, B. Laburthe-
Tolra, B. L. Lev, and T. Pfau, Rep. Prog. Phys. 86, 026401
(2022).

[11] N. Bigagli, W. Yuan, S. Zhang, B. Bulatovic, T. Karman, I.
Stevenson, and S. Will, Nature (London) 631, 289 (2024).

[12] H. Godfrin, K. Beauvois, A. Sultan, E. Krotscheck, J.
Dawidowski, B. Fåk, and J. Ollivier, Phys. Rev. B 103,
104516 (2021).

[13] U. R. Fischer, Phys. Rev. A 73, 031602(R) (2006).
[14] L. Santos, G. V. Shlyapnikov, and M. Lewenstein, Phys.

Rev. Lett. 90, 250403 (2003).
[15] D. H. J. O’Dell, S. Giovanazzi, and G. Kurizki, Phys. Rev.

Lett. 90, 110402 (2003).
[16] C. Ticknor, R. M. Wilson, and J. L. Bohn, Phys. Rev. Lett.

106, 065301 (2011).
[17] L. Chomaz, R. M.W. van Bijnen, D. Petter, G. Faraoni, S.

Baier, J. H. Becher, M. J. Mark, F. Wächtler, L. Santos, and
F. Ferlaino, Nat. Phys. 14, 442 (2018).

[18] D. Petter, G. Natale, R. M.W. van Bijnen, A. Patscheider,
M. J. Mark, L. Chomaz, and F. Ferlaino, Phys. Rev. Lett.
122, 183401 (2019).

[19] L. Tanzi, E. Lucioni, F. Famà, J. Catani, A. Fioretti, C.
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